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Evidence suggests that the brain uses an operational set of canonical com-
putations like normalization, input filtering, and response gain enhance-
ment via reentrant feedback. Here, we propose a three-stage columnar
architecture of cascaded model neurons to describe a core circuit com-
bining signal pathways of feedforward and feedback processing and the
inhibitory pooling of neurons to normalize the activity. We present an an-
alytical investigation of such a circuit by first reducing its detail through
the lumping of initial feedforward response filtering and reentrant mod-
ulating signal amplification. The resulting excitatory-inhibitory pair of
neurons is analyzed in a 2D phase-space. The inhibitory pool activa-
tion is treated as a separate mechanism exhibiting different effects. We
analyze subtractive as well as divisive (shunting) interaction to imple-
ment center-surround mechanisms that include normalization effects in
the characteristics of real neurons. Different variants of a core model
architecture are derived and analyzed—in particular, individual excita-
tory neurons (without pool inhibition), the interaction with an inhibitory
subtractive or divisive (i.e., shunting) pool, and the dynamics of recur-
rent self-excitation combined with divisive inhibition. The stability and
existence properties of these model instances are characterized, which
serve as guidelines to adjust these properties through proper model pa-
rameterization. The significance of the derived results is demonstrated
by theoretical predictions of response behaviors in the case of multiple
interacting hypercolumns in a single and in multiple feature dimensions.
In numerical simulations, we confirm these predictions and provide some
explanations for different neural computational properties. Among those,
we consider orientation contrast-dependent response behavior, different
forms of attentional modulation, contrast element grouping, and the dy-
namic adaptation of the silent surround in extraclassical receptive field
configurations, using only slight variations of the same core reference
model.
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1 Introduction

Evidence suggests that the primate cortex employs a set of canonical op-
erations that serve as structured components for a modular computational
design. Such modularity occurs, for example, for input filtering, gain con-
trol, and activity normalization in the visual pathway (Carandini & Heeger,
1994, 2012; Kouh & Poggio, 2008). For example, filtering signals in the driv-
ing feedforward (FF) stream of processing defines a key mechanism for
feature extraction at different levels in cortical hierarchy (Hubel & Wiesel,
1972; Carandini, Heeger, & Movshon, 1999). Normalization effects have
been observed in different sensory modalities, such as vision (Carandini
& Heeger, 1994) and audition (Rabinowitz, Willmore, Schnupp, & King,
2011); it also underlies mechanisms of decision making (Louie, Grattan, &
Glimcher, 2011) and behavioral control (Kiefer, 2007). It has been suggested
that sensory-driven FF streams are combined with feedback (FB) streams
of information to enable robust cognition and conscious perception (Gross-
berg, 1980; Hupé et al., 1998; Crick & Koch, 1998; Lamme & Roelfsema,
2000; Sillito, Cudeiro, & Jones, 2006; Larkum, 2013). Hierarchical levels
of neural representation are built in different pathways that mutually in-
teract to organize processing streams and send FB to generate reentrant
signals at the earlier stages of cortical representations (Tononi, Sporns, &
Edelman, 1992; Angelucci et al., 2002; Bullier, 2001; Rao & Ballard, 1999).
Such generic principles provide a basic computational repertoire that is
available at different stages of processing to be executed in a variety of
different contexts.

In this article, we propose that neural competitive interaction for activ-
ity normalization combines with facilitatory mechanisms for feature en-
hancement by modulatory FB. The combination of gain enhancement and
(pool) normalization formalizes the idea of a biased competition mecha-
nism originally proposed by Reynolds and Desimone (2003) and Carandini
and Heeger (2012). Such a circuit mechanism operates at stages as early as in
visual cortex or higher up in parietal cortex to selectively enhance feature
locations and decision making (Louie, Grattan, & Glimcher, 2011; Kiefer,
2007). Based on previous work reported in Neumann and Sepp (1999),
Bayerl and Neumann (2004), Bouecke, Tlapale, Kornprobst, and Neumann
(2011), and Raudies, Mingolla, and Neumann (2011), we propose a model
circuit that integrates these mechanisms in a generic columnar three-stage
model. It captures the dynamics of mean firing rates of small ensembles of
cells exhibiting normalization properties and modulating FB enhancement
without modeling the detailed response properties like spike timing of indi-
vidual cells (Deco, Jirsa, & McIntosh, 2011). This makes the model a suitable
tool to explain multiple neurophysiological evidence without necessitat-
ing the computational complexity of, say, detailed spiking neuron models
(Hodgkin & Huxley, 1952; Larkum, Senn, & Lüscher, 2004). Here, we inves-
tigate the dynamics of such a circuit in a semianalytic fashion to provide
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a detailed analysis of its computational properties. In contrast to more gen-
eral analyses of E-I networks (Zhaoping, 2011), our analysis enables a finely
grained tuning of each model parameter to specific applications.

The analysis is then used to explain multiple properties and phenom-
ena of cortical computations demonstrated in various physiological ex-
periments. For example, similarly oriented visual items forming smooth
contours tend to be mutually supportive (Kapadia, Ito, Gilbert, & West-
heimer, 1995; Field, Hayes, & Hess, 1993). The interaction, however, may
also turn into suppressive interaction (Polat & Sagi, 1993). We provide
explanations for response facilitation of weak and suppression of strong
stimuli, contrast-dependent classical receptive field size, different forms of
attentional modulation, top-down modulation of coherent textures, and ori-
entation contrast-dependent response behaviors with only slight variations
of the parameters.

The rest of the article is organized as follows. We start in section 2 with
a description of a generic three-stage architecture. In section 3, we present
an in-depth analysis of model variants with and without pool inhibition
in the stable regime and derive guidelines to interpret the impact of each
model parameter. In section 4, we investigate parameterizations that result
in inhibition-stabilized networks, instabilities, and oscillations. In order to
validate the theoretical findings, section 5 describes selected simulation
results that suggest explanations of experimental findings in the proposed
unified framework. Finally, we discuss the relation to other models before
we conclude with a summary of the major advances.

2 Simplified Neuron Model and Layered Architecture

2.1 Neuron Model. Our model architecture consists of areas that are
represented by two-dimensional sheets of visuotopically arranged model
columns implemented as excitatory-inhibitory (E-I) pairs of single-voltage
compartments (point-like) entities (Koch, 1999; Herz, Gollisch, Machens, &
Jaeger, 2006). Model columns interact by lateral connectivity, feeding input
signals as well as ascending and descending connections to and from other
model areas (Churchland, Koch, & Sejnowski, 1990). The dynamics of the
membrane potential v for such model cells is captured by

Cm
d
dt

v ≡ Cmv̇ = −αv + (Eex − v)gex + (Ein − v)gin, (2.1)

assuming a zero-level resting state with constant leak conductance gleak = α.
The constant Cm denotes the membrane capacitance, and Eex,in are the sat-
uration levels for the respective feeding inputs. The input conductances gex
and gin are defined by integrating the synaptic inputs signaled by excita-
tory and inhibitory presynaptic neurons. Such a generic model has been
used in several previous models (Grossberg, 1988; Carandini & Heeger,
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1994; Somers et al., 1998; Carandini et al., 1999; McLaughlin, Shapley,
Shelley, & Wielaard, 2000; Salinas, 2003). Simple algebraic manipulation
of this equation demonstrates that the potential change is linear for low
potential levels v, namely, Cmv̇ ≈ Eexgex + Eingin with feeding input signals
scaled by constant gains of the respective saturation levels (Carandini et al.,
1999).

The generic model outlined above is extended with regard to two mech-
anisms to incorporate additional functional properties at the network level.
The extensions take into account:

• Nonlinear response properties of cells that lead to saturation and pool
normalization effects (Heeger, 1992; Carandini & Heeger, 1994)

• Nonlinear response amplifications of bottom-up feeding signals by
top-down FB from higher-level processing stages that modulate ac-
tivities at earlier stages (Larkum et al., 2004; Larkum, 2013; Cardin,
Friston, & Zeki, 2011).

Such computational mechanisms are incorporated to account for findings
reported in different studies (Nassi, Gómez-Laberge, Kreiman, & Born,
2014). In the following paragraphs we briefly outline these major findings,
which lead to the proposed canonical circuit model.

2.2 Pool Normalization and Convergence of FF and FB Signals

2.2.1 Pool Response Normalization. Simple cells in area V1 tend to saturate
their activation as a consequence of increasing stimulus contrast and sur-
round activities (Heeger, 1992; Carandini & Heeger, 1994; Carandini et al.,
1999; Carandini, Heeger, & Movshon, 1997; see Smith, 2006, for a summary).
Other findings suggest that normalization occurs not only in early visual
sensory processing but also in, auditory processing (Rabinowitz et al., 2011),
attention mechanisms (Reynolds & Heeger, 2009; Treue, 2001), and decision
making (Louie et al., 2011; Louie & Glimcher, 2012). These observations lead
to the recent proposal (Carandini & Heeger, 2012) that such normalization
mechanisms define a canonical principle in cortical computation captured
by the steady-state mechanism

ri = β · gex(
∑

k sk · �+
ik ) + actbias

α + gin(
∑

k yk · �−
ik )

, (2.2)

where s and y denote afferent inputs and neuronal pool activations, respec-
tively. The functions gex/in(·) denote nonlinear gains for their input signals
and �+/− the input weights for excitatory and inhibitory net signal integra-
tion over a spatial or temporal neighborhood, respectively. The constants
β and α define the scaling of activity (which can be biased by actbias) and
the rate of activity decay to a resting state. Because of the stabilizing and
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self-adapting properties of normalization (Sperling, 1970; Grossberg, 1973,
1980, 1988; Lyu & Simoncelli, 2009), we include a stage of divisive normal-
ization in our model that (at steady state) captures equation 2.2.

2.2.2 Convergence of FF and FB Signals by Modulation. One principle of
brain organization is that cortical areas are mostly bidirectionally connected:
FF signals drive, while FB signals tend to enhance the gain of the driving FF
input (Sherman & Guillery, 1998; Sandell & Schiller, 1982; Bullier, McCourt,
& Henry, 1988; Salin & Bullier, 1995; Hupé et al., 1998; Bullier, 2001).1

Here, we employ a multiplicative enhancement of the driving FF signal
actdriveFF by FB signals actFB biased by a tonic level (Eckhorn, Reitboeck,
Arndt, & Dicke, 1990; Gove, Grossberg, & Mingolla, 1995) (in contrast to
threshold models like Abbott & Chance, 2005),

actdriveFF �→ actdriveFF · (1 + λ · actmodFB), (2.3)

with λ a scalar constant amplifying the FB impact. Such a mechanism links
signals that are integrated at the apical dendrites of an excitatory (pyrami-
dal) cell by modulating the postsynaptic potentials integrated via the basal
dendrites (Eckhorn et al., 1990; Eckhorn, 1999; Larkum et al., 2004; Larkum,
2013; Brosch & Neumann, 2014).

2.3 Core Model of Interacting Columns in Space-Feature Domain.
The previously outlined mechanisms are combined in a core computational
unit that is arranged in two-dimensional (2D) lattices of interconnected
columns. In addition to excitatory couplings, fast inhibitory-to-inhibitory
(I–I) connections in a small spatial neighborhood (Shapley & Xing, 2013) are
accounted for by the shunting dynamics of our model (see section 4.2, for an
analysis of the consequences of explicit I-I coupling). The proposed model
circuit is composed of three stages, or compartments, that incorporate the
mechanisms outlined:

1. An initial stage of input filtering
2. A stage of activity modulation by top-down or lateral reentrant signals

(see equation 2.3)
3. A stage of center-surround normalization by activities over a neigh-

borhood defined in the space-feature domain to finally generate the
net output response

These compartments can be roughly mapped onto cortical area subdivi-
sions (as suggested in Self, Kooijmans, Supèr, Lamme, & Roelfsema, 2012).
A sketch of the three processing stages is depicted in Figure 1.

1We acknowledge that evidence exists demonstrating that FF and FB streams some-
times combines additively (Markov & Kennedy, 2013).
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Figure 1: Three-stage hierarchy of the circuit model architecture. The processing
stages of a model column consist of three stages. Filter responses of the first
stage (1) generate the driving input (the two ellipses denote two subfields of an
exemplary filter). The second stage (2) denotes the modulation of the driving
bottom-up filter response by reentrant signals. The table at the bottom highlights
the properties of the response modulation by FB signals. In the case of missing
bottom-up FF input (upper row), the response will be zero. If a modulatory FB
signal b is present when driving input a is also available, the output is enhanced
by a fraction that represents the correlation a · b between the two signal streams.
Finally, output stage (3) realizes a normalization by a pool of neurons.

An excitatory unit in our model is characterized by its location on a
2D grid and a feature selectivity, addressed by i and θ , respectively, while
inhibitory units are fully characterized by their location, index i, because
they integrate over all feature dimensions. The dynamics are given by (see
Figure 2)

τ ṙiθ =−αriθ + (β − riθ ) · gex
iθ − (δ + riθ ) · Iin

iθ − (η + γ · riθ ) · gp(pi),

τp ṗi =−αp pi + βp ·
⎧⎨
⎩∑

k,θ

gr(rk,θ ) · �−
i,k,θ

⎫⎬
⎭ + (Ic)i − ηp · gp(pi), (2.4)

with excitatory net input defined by

gex
iθ =

(
Iex
iθ + γlat ·

{∑
k

gr(rk) · �+
i,k,θ

})
· (1 + λ · netFB

iθ ), (2.5)

where gp,r(·) denote gain functions that map the potentials riθ and pi to
output firing rates. The constants τ, τp > 0 define the membrane constants
for an excitatory unit and the inhibitory pool, respectively. �+/− denote the
input weights to define the lateral interaction and the extent of the pool
(e.g., with gaussian weights). An additional input Ic is considered for the
pool inhibition to later account for unspecific raising or lowering of the
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Figure 2: Illustration of the reduced model architecture. The three-stage model
of Figure 1 is condensed to an E-I circuit by lumping the filtering and modu-
lation stage into one with the pool represented by the I-neuron. Feeding input
lines are defined for excitatory (arrowheads) and inhibitory (roundheads) driv-
ing signals (transfer functions omitted). Spatial arrangements of model circuits
(representing cortical columns) are depicted for completeness by laterally con-
nected nodes. Each E-cell may incorporate self-excitation (resembling E-E con-
nectivity) and each I-cell self-inhibition (resembling I-I connectivity), denoted
by small-dashed connections. Each cell’s excitatory activation can be enhanced
by modulatory FB signals (flatheads).

inhibitory gain. The parameters α, αp, β, δ, βp, η, ηp, γ , λ ≥ 0 are constants
to denote the activity decay, the excitatory and inhibitory saturation levels,
the relative strength of the pool inhibition, and FB strength. The summed
inputs gex and gin = Iin (equation 2.1) are modulated by reentrant FB signals
netFB

iθ ≥ 0, which are biased by a tonic activation level that generates the
signal enhancement in case of combined FF and FB signals.

The pool inhibition accounts for the nonlinear gain elicited by activations
of cells in a space-feature neighborhood of a target unit. Wex mostly focus
on the case η, ηp = 0 in which inhibition is defined by a shunt with zero
reversal potential level (Koch, 1999). Note that even for ηp = 0, there is still
moderate self-inhibition via the −αp pi term, which is sufficiently strong
to ensure stability in the case studies considered here. In accordance with
the proposal of Somers et al. (1998), Li (1999), and Schwabe, Obermayer,
Angelucci, & Bressloff (2006) we employ different gain functions in which
excitatory cell firing rates gr(r) in equation 2.4 respond to lower membrane
potentials than inhibitory cell firing rates gp(p) that have a steeper gain once
firing threshold is exceeded.

Cells that are enhanced via FB have a greater impact on the competi-
tive interaction in the pool normalization stage. In other words, activities
that were amplified by modulating FB have increased impact to lower the
responses of other cells in the pool leading to enhancement and reduction
of neural firing rates (i.e., biased competition, a mechanism proposed to
explain target feature selection in attention; Reynolds & Desimone, 2003).
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3 Analysis of a Reduced Columnar Model

In this section, we analyze the computational properties of the system
defined in equation 2.4 operating in a stable regime and show that it
governs a wide variety of phenomena. More precisely, we focus on an
operational regime with only moderate self-excitation and self-inhibition,
γSE ≤ α/β (see section A.4.2 for details on this condition) and ηp = 0 (only
self-inhibition via the −αp pi term in equation 2.4). We demonstrate that
this operational regime already explains a number of neurophysiological
phenomena. The extension to operational regimes incorporating strong self-
interaction is discussed in section 4. We now start with a general stability
analysis to define the investigated regime.

3.1 General Stability Analysis. In this section, we conduct a brief sta-
bility analysis of the full dynamic range of the system equation 2.4. In order
to investigate the dynamic properties, we consider a version of equation 2.4
that is reduced to a single location with Iin = 0 and gex = I + γSE · gr(r) (the
FB input 1 + λ · netFb effectively scales I and γSE and is thus omitted here
for better readability):

τ ṙ = f (r, p) = −αr + (β − r) · (I + γSE · gr(r)) − (η + γ · r) · gp(p),

τp ṗ= g(r, p) = −αp p + βp · gr(r) + Ic − ηp · gp(p). (3.1)

For local stability analysis, we study the eigenvalues of

A =
⎛
⎝ ∂

∂r f (r̄, p̄) ∂
∂ p f (r̄, p̄)

∂
∂r g(r̄, p̄) ∂

∂ p g(r̄, p̄)

⎞
⎠ , (3.2)

with r̄, p̄ the potential at equilibrium, that is, f (r̄, p̄) = 0 = g(r̄, p̄). The eigen-
values are given by λ1/2 = 1/2 · (T ± √

T2 − 4D) with trace T and determi-
nant D. Stability critically depends on the sign of ∂

∂r f = −α − I − γSEgr(r) +
γSE (β − r)g′

r(r) − γ gp(p) at equilibrium. For ∂
∂r f (r̄, p̄) < 0, both eigenval-

ues have a negative real part, that is, the system is stable. If ∂
∂r f (r̄, p̄) � 0

such that the trace T is positive, the system becomes unstable or oscillates.
The critical parameters that determine whether ∂

∂r f (r̄, p̄) is less or greater
than zero are the strength of self-excitation γSE and the steepness of the
transfer function of the E-neuron g′

r(r̄) at equilibrium. Thus, for strong self-
excitation and a steep transfer function of the E-neuron, the system tends to
become unstable while strong self-inhibition stabilizes the system (Latham,
Richmond, Nelson, & Nirenberg, 2000; Latham, Richmond, Nirenberg, &
Nelson, 2000). A brief analysis and discussion of the impact of I-I interac-
tion and increased self-interaction are given in section 4. The influence of
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Table 1: Summary of the Dependencies of Self-Excitation (SE) Strength and
Stability Properties of the System in Equation 3.1

SE-Strength γSE Condition of ∂
∂r f Stability

Small ∂
∂r f (r̄, p̄) < 0 Stable

Moderate 0 ≤ ∂
∂r f (r̄, p̄) <

∣∣∣ ∂
∂ p g(r̄, p̄)

∣∣∣ Stable/Unstablea

Large
∣∣∣ ∂
∂ p g(r̄, p̄)

∣∣∣ ≤ ∂
∂r f (r̄, p̄) Unstable

aStability for moderate self-excitation depends on the exact configura-
tion, which has to be analyzed on a case-by-case basis.

self-excitation strength and the qualitative influence on the stability prop-
erties are summarized in Table 1.

3.2 General Remarks and Simplifications. We now investigate the sys-
tem properties for cases with moderate self-interaction as outlined above
and first consider a columnar model that is reduced to a pair of E-I neu-
rons. Though E-I interactions have been investigated in many studies (see
section 6.4), none of them considered a model like ours in which combined
pool normalization and modulatory reentrant FB in a shunting model are
considered. The most remarkable finding is that modulatory FB can dy-
namically change the response type of individual neurons to realize stable,
oscillating, or even tonically active responses, which has not been analyzed
in this detail before.

In this section, we consider only the stable states and do not investigate
the relative timescales of the excitatory and inhibitory responses. For that
reason, we set τ = τp = 1 without limiting the generality of the findings.
In addition, we observe that at equilibrium, the decay constant αp > 0 (the
self-inhibition strength) can be absorbed in the constants βp and Ic. We
assume that any inhibitory input is absorbed into the excitatory driving
input (Iin = 0) and set Iex ≡ I. Taken together, the model denoted in equation
2.4 reduces to (indices omitted)

d
dt

r = ṙ =−αr + (β − r) · [I + γSE · gr(r)] · (1 + λ · netFB)

− (η + γ · r) · gp(p),

d
dt

p = ṗ=−p + βp · gr(r) + Ic. (3.3)

We investigate different settings with and without pool normalization. To
ease the analysis, we consider only cases in which either η or γ is zero,
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Table 2: Columnar Model Configurations.

DP SP SE Equations

− − − ṙ = −αr + (β − r) · I · (1 + λ · netFB) (I)
+ − + ṙ = −αr + (β − r) · (I + γSEgr(r)) · (1 + λ · netFB) − γ · r · gp(p) (II)

ṗ = −p + βp · gr(r) + Ic
− + − ṙ = −αr + (β − r) · I · (1 + λ · netFB) − η · gp(p)

ṗ = −p + βp · gr(r) + Ic (IIa)

Notes: We analyze different conditions in the configuration of the columnar model in
the stable regime. We differentiate between two settings: with and without pool normal-
ization. In the case of pool normalization, we focus our investigation on divisive pool
inhibition (DP), equation II, with (γSE > 0) or without (γSE = 0) self-excitation (SE). In
addition, we analyze subtractive pool (SP) inhibition without self-excitation, equation IIa.
All parameters are positive

that is, pool inhibition that operates exclusively divisive or subtractive. All
instances are summarized in Table 2.

In the case that the additional drive to the pool can be neglected, Ic = 0,
the maximum equilibrium pool potential is given by βpβ. We assume that
gp(·) saturates without additional input Ic such that βpβ − pm > 0 and that
I = 0 implies r̄ = 0, that is, the neurons are not endogenously active. We
focus our investigation on this case in which we will prove that such sys-
tems are always stable, have a unique local solution for all initial values in
(r0, p0) ∈ [0,∞)2 (see section D.1), and are monotonously increasing func-
tions of their input I. The dynamics with increased self-interaction that
result, for example, in inhibition-stabilized neural networks are studied in
section 4. To explain, for example, contrast-dependent integration size, we
investigate settings with and without pool normalization, which can be
seen as special cases regarding the activity of surrounding neurons.

3.3 Columnar Circuit Model Without Pool Inhibition. In the case
where pool activity depends on the activity of the surrounding neurons,
the response properties for an inactive surround are captured by a single
excitatory neuron without pool inhibition (see equation I in Table 2). We
arrive at the equilibrium point ṙ = 0 = −αr̄ + (β − r̄) · I · (1 + λ · netFB) for
r and consider the steady-state solution that reads

r̄ = β · I · (1 + λ · netFB)

α + I · (1 + λ · netFB)
= β

I∗

α + I∗
, (3.4)

(Grossberg, 1988) with I∗ = I · (1 + λ · netFB), is a nonlinear equation since
netFB itself depends on r. The output r̄ is bounded—i.e. limI|netFB→∞ r̄ = β—
and all other elements set constant.
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The response at equilibrium r̄ has the characteristics of an S-potential
measured for retinal cones (Naka & Rushton, 1966) in which the parame-
ter α controls the balance between response differentiation and degree of
saturation. A value of approximately half the maximum input has been
suggested, α ≈ Imax/2. The parameter λ increases the relative importance
of the FB signal in relation to the driving input signal (see section A.1 in
the appendix). The response gain can be generalized by incorporating a
nonlinear transfer function f for the input I, with f (I) = Iq, q ∈ N (Kouh &
Poggio, 2008).

3.4 Columnar E-I Circuit Model with Pool Inhibition. We now con-
sider the recurrent interaction of the excitatory target neuron with the in-
hibitory pool neuron (see equations II and IIa in Table 2).

3.4.1 Approximation of Gain Functions. In order to simplify the analysis,
we employ piecewise linear gain functions2

gr(r) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 r < r0

r − r0

rm − r0
· rm r0 ≤ r ≤ rm

rm rm < r

, gp(p) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0 p < p0

p − p0

pm − p0
p0 ≤ p ≤ pm

1 pm < p

(3.5)

We capture the main property that inhibitory cells respond after exceeding
a higher threshold level (compared to excitatory cells) and then having a
steeper gain (McCormick, Connors, Lighthall, & Prince, 1985; Somers et al.,
1998). For simplicity, we assume that r0 = 0 and rm = β, that is, gr(r) is the
identity function on [r0, rm]. The ordering of the gain functions’ inflexion
points fulfills the relation 0 = r0 <

p0
βp

<
pm
βp

< rm = β (the ratios have been

derived based on the observation that the linear relation p̄ = βp · r̄ + Ic holds
for the fix point (ṙ, ṗ) = (0, 0)).

The inhibitory gain function gp(p) specifies three domains depending on
the input strength I: I ∈ [0, θlow] (low domain; membrane potential below
firing threshold, that is, an inactive pool), I ∈ (θlow, θhigh) (middle domain;
increasing membrane potential increases pool firing rate, that is, an active
pool), and I ∈ [θhigh,∞) (high domain; increasing membrane potential does
not increase pool firing rate anymore, that is, a saturated pool). To improve
readability, we set netFB = 0. Note, however, that the results also apply

2Note that these results also transfer to smooth sigmoidal functions by convolution
of the piecewise linear transfer function with a Friedrichs mollifier (Friedrichs, 1944), for
example.
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for netFB > 0 when [I, γSE] ∈ (R+)2 is replaced by [I∗, γ ∗
SE] = [I, γSE] · (1 +

λ · netFB). The two domain boundary values are found by solving p̄ = p0/m
for I:

θlow = max

(
0,

(p0 − Ic)(βpα − γSE (βpβ − p0 + Ic))

βp(βpβ − p0 + Ic)

)
, (3.6)

θhigh =⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

max

(
0,

(pm − Ic)(βp(α+γ )−γSE (βpβ − pm + Ic))

βp(βpβ − pm + Ic)

)
, divisive pool,

max

(
0,

ηβp + (pm − Ic)α

βpβ − pm + Ic

)
, subtractive pool,

(3.7)

under the condition that (in case of self-excitation, γSE > 0)

0 ≤ βp(θlow + α − βγSE ) + 2γSE (p0 − Ic), (3.8)

0 ≤βp(θhigh + α − βγSE + γ ) + 2γSE (pm − Ic); (3.9)

otherwise, set θlow/high to 0 (note that these conditions always hold for γSE =
0).

3.4.2 Analysis of Steady-State Potentials r̄. To analyze the properties of
each parameter and the response properties, we determine the potential of
the excitatory cell at equilibrium for each domain.

For the low domain (I ∈ [0, θlow]), we obtain

r̄ =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

βI
α + I

, subtractive or divisive pool with γSE = 0,

1
2

�low +βγSE −α− I
γSE

, divisive pool, γSE > 0.

(3.10)

For the middle domain (I ∈ (θlow, θhigh)), we obtain

r̄ =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

βI(pm − p0) + η(p0 − Ic)

(α + I)(pm − p0) + ηβp
, subtractive pool,

1
2

−(α+ I−βγSE )(pm − p0)+γ (p0 − Ic)+

γβp +γSE (pm − p0)
, divisive pool.

(3.11)



Canonical Neural Circuit Method 2747

For the high domain (I ∈ [θhigh,∞)), we obtain

r̄ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

βI − η

α + I
, subtractive pool,

βI
γ + α + I

, divisive pool, γSE = 0,

1
2

�high + βγSE − α − I − γ

γSE
, divisive pool, γSE > 0,

(3.12)

with

�low =
√

(α + I − βγSE )2 + 4βγSEI > 0, (3.13)

2 = [−(α + I − βγSE )(pm − p0) + γ (p0 − Ic)]
2

+ 4(pm − p0)β((pm − p0)γSE + βpγ )I > 0, (3.14)

�high =
√

(α + I + γ − βγSE )2 + 4βγSEI > 0. (3.15)

For better readability, we briefly summarize the main results here while
the details like the input sensitivity can be found in the appendix, sections
A.2, A.3, and A.4. To summarize, the equilibrium is a steady and monoton-
ically increasing function of the excitatory input I. Furthermore, it is shown
that the equilibria are stable3 and limI→∞ r̄ = β. An analysis of the radi-
cal expressions of the eigenvalues reveals the parameter regimes where no
oscillations or damped oscillations occur. Due to the complexity of the equa-
tions for the radical expression (especially for divisive pool inhibition), it
should be analyzed when the majority of the parameters have already been
adjusted to a given task.

3.4.3 Hysteresis. When γSE = 0 (no self-excitation), the equilibrium po-
tential r̄ for I = 0 is always 0. In the case of divisive pool inhibition and
γSE > 0 for zero input I = 0, the equilibrium r̄ is guaranteed to be zero only
when βγSE − α ≤ 0. When the system starts from a nonzero potential r0 > 0
and βγSE − α − γ > 0, the potential at equilibrium r̄ for I = 0 is strictly pos-
itive; once excited, the neurons stay tonically active. Note that netFB can
dynamically change the effective self-excitation strength—FB can dynami-
cally make a neuron become tonically active (see sections A.4.6 and A.4.2
for more details).

3The resulting eigenvalues in the mid-domain in the case of divisive pool inhibition
and self-excitation cannot be easily treated analytically. For that reason, we conducted a
Monte Carlo analysis, testing about 10 billion parameter sets for variables smaller than 100.
Each one turned out to be stable. For the low and high domains, respectively, analytical
proofs are provided (see section A.4.7).
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Figure 3: Impact of model parameters on nullclines in phase space (subtrac-
tive/shunting pool inhibition depicted left/right; left plot corresponds to a case
without self-excitation). The nullcline of the pool potential ṗ = 0 is pushed
to the top for increasing values of Ic (at the intersection with the p-axis).
Increasing values of βp increase the incline of the nullcline ṗ = 0. The null-
cline of the neuron potential ṙ = 0 is pushed to the right for increasing val-
ues of β, I, and γSE , while increasing values of α and γ (or η) decrease the
neuron potential. Note that though the overall type of the parameters’ im-
pact is identical (e.g., decreases the potential), the exact kind of interaction
(e.g., divisively) can vary (see text for details). Parameters have been set to
α = 1, β = 1, βp = 2, γSE = 0.5, γ = η = 0.2, p0 = 0.2, pm = 0.3, IE = 0.4.

3.4.4 Parameters and Input Signals for Columnar Circuit Model with Pool
Inhibition. The overall impact of the various parameters on the nullclines
in phase space and the neuron potential at equilibrium is summarized in
Figures 3 and 4. In the following, we briefly describe the impact each param-
eter or input signal has on the output response (we assume an (r-p)-phase
plot). Differences between subtractive and divisive pool inhibition and the
impact of self-excitation are highlighted. The saturation type of the equilib-
rium potentials constitutes one of the main differences between subtractive
and divisive pool inhibition. For subtractive inhibition, the saturation type
is described by

bI + c
I + a

→
I→∞

b (3.16)

which also accounts for the case of the inactive and saturation regions in the
divisive case (low/high domain). In case of divisive inhibition with γSE > 0
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Figure 4: Impact of model parameters on equilibrium potential r̄. The thresh-
olds determining the three solution domains (inactive pool =̂ low domain;
pool-active =̂ mid-domain; saturated pool =̂ high domain) are indicators of the
response behavior. Impact of parameters on θlow/high is depicted by arrows (see
section 3 the text for details).

(and in the mid-domain in case of divisive inhibition with γSE = 0), it is
described by

√
(I + a)2 + bI − (I + a) →

I→∞
b/2, (3.17)

→
a→∞ 0 (3.18)

with constants a, b, and c set according to the corresponding polynomial
coefficients of I in equations 3.10 to 3.12.4

We group the description of different parameters according to their role
in the E-I system. In the following, we describe the influence of different
parameter settings for the constants α, β, and γ in the excitatory cell of the
E-I system:

• Passive decay rate of activation r, α: Increasing α decreases the equilib-
rium potential. In case of subtractive pool inhibition (see equation IIa
in Table 2) and for the low and high domain for divisive pool interac-
tion without self-excitation (see equation II in Table 2 with γSE = 0),
α acts divisively (for small inputs I). In case of variant equation II in
Table 2 with γSE > 0 and in the mid-domain with γSE = 0, the decrease
type is according to equation 3.18. Increasing values of α push the

4The derivation of these limits is described in section A.4.8.
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nullcline ṙ = 0 to the left and increase the domain boundary values
θlow/high to separate the three response domains.

• Saturation level for potential r, β: For subtractive pool inhibition, β

scales the neuron potential at equilibrium multiplicatively. For divi-
sive pool inhibition, the impact of β for small inputs I is described
by multiplication with the linear term of the root (see equation 3.17,
β = 2b). Increasing values of β push the nullcline ṙ = 0 to the right
and decrease θlow/high.

• Parameter γ (η in case of subtractive pool inhibition) scales the inhibitory
pool activation (see equation II in Table 2). For strong inputs I, the
nature of pool inhibition is reflected in the following way (i.e., equi-
librium potentials are in the high domain). In case of subtractive pool
inhibition, η discounts the potential linearly; for divisive pool inhi-
bition without self-excitation, γ divides the pool potential; and for
divisive pool inhibition with self-excitation, it increases parameter a
in equation 3.18. Increasing values of γ (or η in case of subtractive
pool inhibition) push the nullcline ṙ = 0 to the left and increase θhigh
(see equation 3.7).

In all, the three parameters lead to shifts in the r-nullcline and influence
the domain boundary values θlow/high. We now describe the influence of I
and Ic:

• The excitatory input I increases the nullcline ṙ = 0, as well as the
equilibrium potential r̄. Depending on the type of pool inhibition,
the saturation type is described by equation 3.16 (for subtractive
or divisive pool inhibition) in the case without self-excitation γSE).
For a system with divisive inhibition that incorporates self-excitation
(γSE > 0), the saturation type is described by equation 3.17.

• Input Ic to the inhibitory pool neuron pushes the nullcline ṗ = 0 and
the intersection with the p-axis up. Such input leads to a decrease of
the domain boundary values θlow/high of the inhibitory gain function.

Finally, we summarize the influence that parameters βp, the inflexion
points p0, pm, and the strength of self-excitation γSE have on the output
potential:

• Parameter βp increases the steepness of the nullcline ṗ = 0 (thus,
lowering the activity of the E-neuron) and decreases θlow/high.

• The inflexion points p0/m of the sigmoidal gp increase the domain
boundary values θlow/high of the linearized gain function. Thus, they
determine the region of increasing inhibition by increased pool
activity.

• Parameter γSE controls the strength of self-excitation. An increase
in γSE increases the equilibrium potential r̄. For low excitatory in-
put I, the FB sensitivity is approximately equal to the self-excitation
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strength sensitivity multiplied by λ · γSE (see section A.4.6). Similar
to β, increasing values of γSE push the nullcline ṙ = 0 to the right and
decrease the domain boundaries θlow/high.

This concludes our description of the model parameters that ease
the adaptation of the model to replicate different neurophysiological
findings.

4 Analysis of Extended Network Dynamics

This article mainly focuses on the stable operational regime of the canonical
neural circuit model. A brief look at the regimes of oscillatory states in which
real networks often operate is given in the following section.

4.1 Inhibition Stabilized Network. Physiological investigations have
revealed that a significant number of neurons in cortical area V1 exhibit
a behavior that has been dubbed inhibition stabilization at the network
level (ISN) (Tsodyks & Gilbert, 2004; Ozeki, Finn, Schaffer, Miller, & Ferster,
2009). The main observed effect is that increased external excitatory input
to inhibitory cells paradoxically causes a decrease in their firing rates in the
new steady state. Previous studies of networks models have revealed how
to control ISNs (Jadi & Sejnowski, 2014a, 2014b). These recent investiga-
tions used network mechanisms that do not incorporate conductances and
also donot consider any modulating FB. Our proposed canonical columnar
circuit model considers conductance-based membrane properties and nor-
malizing gain control. Such shunting-type mechanisms can also operate in
an ISN regime. The phase-space of the E-I pair of units is shown in Figure 5.
The sigmoidal transfer function of the excitatory component in combina-
tion with strong self-excitation leads to a domain of positive incline of the
nullcline of the E-neuron. Increased inhibitory surround input shifts the
nullcline of the I-neuron upward in the phase-space with the intersection
of the two nullclines shifting to the left along the r-axis and dropping along
the p-axis. This directly reflects an overall decrease of the output activation
of the E-neuron.

We analytically investigate the shape of the nullcline of the E-neuron
which can be derived from the system defined in equation II in Table 2. We
get

p = f (r) = g−1
p

(−αr+ (β − r) · (I + γSEgr(r)) · (1 + λ · netFB)

γ · r

)
. (4.1)

To obtain a region of positive incline, the term γSE · gr(r) must be strong
enough to dominate the negative impact of the r summation terms. Re-
arranging terms ignoring constant summation terms yields the proper
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Figure 5: Strong self-excitation and sigmoidal excitatory transfer function form
an inhibition-stabilized network (ISN) (see Ozeki et al., 2009, Figure 6); that
is, when additional surround input is provided, the intersection of the E- and
I-nullcline is shifted down and to the left. Here, additional surround input rsurr
is added to the pool, ṗ = −p + βp · (gr(r) + rsurr), for rsurr = 0 (center) and rsurr =
0.2 (center+surround). The transfer functions were g(r) = 2/(1 + exp(−8r3)) − 1
and gp(p) = p with parameters set to α = 1, β = 1, Iex = 0.3, γ = 1, γSE = 2.5,
and βp = 1.

condition,

β

r
γSE · gr(r) >

α + γSE · gr(r)
R

+ I, (4.2)

with R ≡ 1 + λ · netFB. Since R > 1 is strictly positive and β ≥ r, this condi-
tion is achieved for low activation levels r and for FB signals strong enough
to almost eliminate the fraction on the right-hand side of the equation
above. Jadi and Sejnowski (2014a, 2014b) demonstrate that a broad regime
of ISN property (as a function of the excitatory response) exists for the addi-
tive network interactions they investigated. In the shunting-type network
studied here, the ISN regime is restricted to a somewhat narrower band of
excitatory output activation. This range has been analytically determined
and is shown to be a function of (lateral) activity integration, modulatory
FB gain, and the input strength.

To summarize, FB cannot only lead to tonically active neurons (see sec-
tion 3.4) but can also dynamically transform the system into an ISN. The
demonstration that FB can dynamically shift the network state into an ISN
regime offers multiple interpretations of the influence that activated FB
templates have on the representations generated by FF input. This is in line
with recent experimental observations that FB signals realize predictive
coding principles (Bastos et al., 2012; Rauss, Schwartz, & Pourtoise, 2011);
a reduction in response amplitude indicates that the predictions generated
by FB signals match the driving FF signals (Markov & Kennedy, 2013).
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4.2 Pool Normalization and I-I Connectivity. It was argued that I-I
connectivity is required to guarantee stability in a high-coupling regime
(Latham, Richmond, Nelson et al., 2000). The mean firing rate of the model
circuits in turn reflects the balance of excitation and inhibition experienced
by the local network (Jadi & Sejnowski, 2014b). The combination of sub- and
superlinearities of the transfer functions was shown to be a critical compo-
nent determining the operating regime of the dynamic circuit model (Jadi
& Sejnowski, 2014a, 2014b; Ahmadian, Rubin, & Miller, 2013). The prop-
erties of the transfer functions have been identified by Grossberg (1973)
to determine the global network response and decision characteristics. As
shown in section 3.1, such stability properties can also be identified for the
shunting network dynamics used in the canonical neural circuit model here.
Consider again the eigenvalues λ1/2 = 1/2 · (T ± √

T2 − 4D) of the system
defined in equation 3.1 with T = tr(A) and D = det(A) with A from equa-
tion 3.2. In general, strong self-excitation leads to instabilities, while pool
normalization and I-I connectivity/self-inhibition of the I-neuron counter-
act this behavior and thus stabilize the system. More precisely, the following
observations can be made:

• The amount of self-excitation that potentially leads to instability of
the system scales with the sensitivity of the excitatory transfer func-
tion, that is, g′

r(r̄) (because ∂
∂r f (r, p) = −α − I − γSEgr(r) + γSE (β −

r)g′
r(r) − γ gp(p)).

• Subtractive and divisive pool inhibition have been investigated. The
steady-state analysis shows that divisive inhibition (controlled by
γ ) is more effective than subtractive inhibition (controlled by η).
While η affect only the determinant D, γ occurs in both—D and the
trace T.

• There are two forms of self-inhibition: the leakage term −αp · p, which
can also be interpreted as inhibition via a linear transfer function, and
direct self-inhibition via −ηp · gp(p). The effect is a linear decrease of
the trace T (which primarily affects the sign of the real part of the
eigenvalues, that is, the stability of the system). While the first one
leads to a constant subtractive term, the impact of the second term is
scaled by the sensitivity of the transfer function gp at equilibrium, that
is, g′

p( p̄) (because ∂
∂ p g(r, p) = −αp − ηpg′

p(p) < 0). Thus, leakage re-
sults in a state-independent stabilization, while direct self-inhibition
is state dependent and is strongest for the most sensitive part of
pool interaction, that is, for equilibrium states (r̄, p̄) in which g′

p( p̄) is
large.

To summarize, the interaction of I-I connectivity, pool normalization,
self-excitation, and the shape of the transfer function creates a variety of
operational regimes. These range from stable, monotonically increasing
functions of the input I (which we primarily analyze in this article) over
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inhibition-stabilized neural networks to oscillating and unstable systems
or mixtures of the different types. Note that netFB effectively scales I and
γSE and can thus dynamically shift the system into different operational
regimes.

5 The Canonical Neural Circuit Model Accounts
for Experimental Findings

We now demonstrate that the proposed canonical neural circuit model
accounts for several findings in visual neuroscience. We generally employ
the model variant with pool inhibition of the shunting type (see equation II
in Table 2). The parameters are set to α = 1, β = 1, βp = 1, γ = 1, and I0 = 0
in all experiments. In the first experiment, we use the linearly approximated
sigmoidal functions used in the previous section with p0 = 0.2 and pm = 0.3.
In the remaining subsections, we utilize a smooth sigmoidal function gp(x)

to obtain more gradual response behaviors that can be shifted by an offset
and scaling parameter o and s (for o = 0, s = 1, it fits the piecewise linear
transfer function with p0 = 0.2 and pm = 0.3):

�(x)=
{

2/(1 + exp(−4x2)) − 1, x > 0,

0, x ≤ 0,
(5.1)

gp(x) =�((x − o) · s). (5.2)

All presented results are obtained by the variation of the parameters
o, s, γSE , and γ and the size of the integration kernels of self-excitation and
pool inhibition. We demonstrate the facilitation of weak and suppression
of strong neural input, contrast-dependent integration size (see section 5.1),
different forms of attentional modulation (see section 5.2), noise reduc-
tion and contour enhancement (see section 5.3), and orientation contrast-
dependent response behavior (see section 5.4) using only minor parameter
changes (see Table 3).

5.1 Facilitation/Suppression of Weak/Strong Stimuli and Contrast-
Dependent Classical Receptive Field Size. Noise is a constant source of
ambiguity. Strong input to a neuron is an indicator of the presence of a
stimulus. Weak input on the other side tends to be noisy. Linking neighbor-
ing neurons helps to reduce the impact of noise effectively, increasing the
signal-to-noise ratio. However, this integrative process reduces the effec-
tive resolution such that it should be disabled for strong inputs as reported
in experiments (Hunter & Born, 2011). We adopt the approach of Ahma-
dian et al. (2013) and start our investigation by focusing on the facilitation
(suppression) of weak (strong) inputs at a single location. After that, we
generalize to the 2D case. When we assume that self-excitation corresponds
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Table 3: Simulation Parameters.

Experiment o s γSE=̂γlat γ

Facilitation/suppression of weak/strong neural input
(section 5.1)

(0)a (1)a 0.9 1

Contrast-dependent integration size (section 5.1) 0.175 7 0.2 1
Different forms of attentional modulation (section 5.2) 0.6 1.5 0.05 20
Noise reduction and contour enhancement (section 5.3) 0 1 0 1
Orientation contrast-dependent responses (variant 1)

(section 5.4)
0 10 0.2 2

Orientation contrast-dependent responses (variant 2)
(section 5.4)

0 10 0.2 10

Notes: Overview of the four parameters that are adjusted to account for the experimental
findings (in addition to the size of the integration kernels; here γSE is denoted as γlat).
aPiecewise linear transfer functions were applied in the first experiment (corresponding
parameters for the smooth transfer function in brackets).

to input provided not only from the neuron itself but also from its neighbors
and the same holds true for the excitation of the inhibitory pool neuron, we
can differentiate between two extreme cases:

1. Silent surround. Only the neuron under investigation is excited; the
neighboring neurons have no activity. Thus, the corresponding self-
excitation and pool inhibition (mainly driven by the surround) are
almost zero. This corresponds to equation I in Table 2.

2 Active surround. All neurons are homogeneously excited. Input from
the neighboring neurons is thus identical to that of the target neuron.
This instance corresponds to equation II in Table 2.

Comparing the response curves for both conditions (γSE = 0.9/γSE = 1)
shows that the variant with pool inhibition and self-excitation (homoge-
neous pool interaction) facilitates weak stimuli. Strong stimuli lead to sup-
pression (see Figure 6).

We now demonstrate how the facilitation of weak and suppression of
strong stimuli transfer, to a 2D arrangement of neurons. The cell responses
in cat and monkey visual cortex area 18/V1/LGN/MT were reported to
depend not only on the classical receptive field (CRF) but also on a sur-
round region that reaches well beyond it (Levick, Cleland, & Dubin, 1972;
Felisberti & Derrington, 1999; Przybyszewski, Gaska, Foote, & Pollen, 2000;
Jones, Grieve, Wang, & Sillito, 2001; Bonin, Mante, & Carandini, 2005; Har-
rison, Stephan, Rees, & Fristona, 2007; Hunter & Born, 2011). This surround
region has been coined the extraclassical receptive field (ECRF). While the
CRF can elicit a cell response, the cell is unresponsive to stimulation of the
ECRF alone but can enhance or suppress the response of the CRF when
both are stimulated (Carandini, Heeger, & Movshon, 1997). The size of both
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Combination of Excitatory and Inhibitory Pool

supp.

fac.

Figure 6: Impact of pool inhibition and self-excitation. We compare the case of
self-excitation and pool inhibition (solid gray curve) with the case where pool
interaction and self-excitation are extinguished (dashed black curve). Note that
the variant with self-excitation and inhibitory pool increases responses for weak
stimuli (fac. region, gray) while responses to strong stimuli are suppressed
(supp. region, black).

central and extended receptive fields was shown not to be fixed but varying
with stimulus contrast (Chen, Song, & Li, 2012). Contrast-dependent mod-
ulation has been shown previously in ISN models (Jadi & Sejnowski, 2014a,
2014b; Ahmadian et al., 2013). Here, we demonstrate that context-sensitive
modulation also occurs in nonoscillating regimes. We employ variant II in
Table 2 extended to lateral interaction in space (position index i):

ṙi = −αri + (β − ri)

(
Ii + γlat

{ ∑
k

gr(rk) · �+
ik

})
(1 + λ · netFB)

− γ · ri · gp(pi)

ṗi = −pi + βp ·
{ ∑

k

gr(rk) · �−
ik

}
+ Ic. (5.3)

Integration of activities in the receptive field is realized with gaussian ker-
nels with weights �± with standard deviation σ+

lat and σ−
p , respectively. The

coefficients in each kernel sum to one. We focus on the two extreme cases
outlined above:

1. No surround activity. Only the neuron under investigation is excited.
Pool activity can be neglected and the neuron behaves like equation I
in Table 2 because excitation of the pools reduces to

∑
k gr(rk) · �±

ik ≈ 0
for the center weight being much smaller than 1, the case for large σ−

p ,
σ+

lat .



Canonical Neural Circuit Method 2757

2. Homogeneous activation of all neurons (ri = r j, ∀i, j). In this scenario,∑
k gr(rk) · �±

ik reduces to gr(ri) (because ri = r j, ∀i, j). Consequently,
the neuron under investigation will behave exactly like in equation II
in Table 2.

Applying the results shown in Figure 6, we predict that an increased
stimulus size will increase the neuronal response for weak inputs (e.g., low-
contrast stimuli) while an increased stimulus size will decrease the neuronal
response for strong inputs (e.g., high-contrast stimuli), which should be
reflected in the measured CRF size.

To confirm this theoretical observation, we conducted a 2D numerical
experiment. Simulated neurons are excited with a circular input pattern
(resembling preprocessed input, for example, from moving dot patterns
or static Gabor gratings) of varying excitation strength and radius (see
Figure 7, top). As in Jones et al. (2001), we chose the point with maximum
response and subsequent activation decrease as an indicator of the CRF
size (similarly, the point where the response magnitude saturates marks the
size of the ECRF). Figure 7 shows that the numerical experiment confirms
our theoretical prediction of contrast-dependent CRF size (σ+

lat = 1, σ−
p = 5;

remaining parameters are given in Table 3). In addition, it demonstrates
that (1) an increase in contrast for a fixed stimulus size increases the firing
rate (vertical cut through Figure 7, bottom) and (2) that an increase of
the stimulus beyond the CRF size (marked by a black circle in Figure 7)
decreases the firing rate. This is similar to the model predictions of the
oscillating ISN model reported in Jadi and Sejnowski (2014a) in which
condition (1) leads to an increased frequency of oscillations and a similar
condition compared to our condition (2) leads to slower oscillations as
the contrast of the surround stimulus increased (note that Jadi & Sejnowski,
2014a, showed that the modulation of oscillations is correlated with average
firing rate).

5.2 Different Forms of Attentional Modulation. The same mecha-
nisms can explain how attentional modulation can result in contrast or
response gain amplification. First, consider a case in which the stimulus is
small (radius rs) and the attentional field (radius ra) is large. In this case,
the effect of pool inhibition is almost negligible and the attentional mod-
ulation signal netFB results in an effective increase of the excitatory input.
This appears as a leftward shift of the input response function (see Figure 8,
left, ra = 24, rs = 1). Second, consider the case in which the stimulus is large
and the attentional field is small. Here, the relative decrease of inhibitory
pool activity leads to an increase of the response gain of the model circuit
(see Figure 8, right; ra = 3, rs = 24). Parameters are set to σlat = 0.5, σp = 7;
remaining parameters are given in Table 3.

To summarize, the proposed circuit model explains contrast-dependent
CRF size as well as different forms of attentional modulation. Unlike the
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Figure 7: Contrast-dependent CRF size. (Top) A 2D grid of model neurons
is excited by an artificial input pattern (top). The activity at equilibrium r̄ is
shown in the second row and the activity of the neuron marked by a gray
circle is plotted below (argmax =̂ CRF size). (Bottom) Plots of multiple response
curves for different input strengths (i.e., contrasts; black circle marks CRF size)
demonstrate that CRF size decreases for rising input levels.

algorithmic model description in Reynolds and Heeger (2009), our model
also captures the dynamics of this mechanism.

5.3 Noise Reduction and Contour Enhancement by Modulatory FB.
Coherent structures can be grouped by the visual system to form extended
boundaries (Lowe & Binford, 1983; Grossberg & Mingolla, 1985). Initial
grouping was shown to be performed by hierarchical FF processing (Bosk-
ing, Zhang, Schofield, & Fitzpatrick, 1997; Kapadia, Westheimer, & Gilbert,
2000; Geisler, Perry, Super, & Gallogly, 2001) which can be refined by mod-
ulating signals from higher stages via FB (Li, 2001; Neumann & Mingolla,
2001; Weidenbacher & Neumann, 2009). Enhancement of those activities
results in a higher impact in subsequent competition stages cohering with
the biased competition hypothesis (Reynolds & Desimone, 2003; Reynolds
& Heeger, 2009). We use the neuron model instance in equation II in
Table 2 with γSE = 0. A 1D example is shown in Figure 9 (left). In order to
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Figure 8: Different forms of attentional modulation (caused by different extents
of the receptive field, the attention field and the stimulus). (Left) Small extent of
the stimulus relative to the receptive and attentional field results in negligible
inhibitory pool activity shifting the response function to the left, that is, input
gain. (Right) Large stimulus size and small attentional field size relative to the
receptive field size result in an increase of lateral excitation and diminished
inhibitory pool activity. This results in an increase of response gain (Reynolds
& Heeger, 2009, Figure 2). Field sizes are not drawn to scale; see section 5.2 for
details.

Figure 9: Contour enhancement. (Left) 1D example. Decreased pool inhibition
at neuron n0 (compared to n−1, n−2) results in increased modulation (gray part
of the bar), while increased pool inhibition at neuron n1 (compared to n2) results
in decreased activity. (Center) The network is probed with like-oriented bars
corrupted by gaussian noise (σ = 0.15) and artificial FB (top left/right panel).
The results with FB show a significantly higher activity compared to those
with disabled FB (bottom right versus left image panel). (Right) Significant FB
enhancement visualized by the r- and z-measures.

selectively study the gain enhancement, we provide an artificial FB signal
resembling an undistorted version of the continuous input contour. Strong
(weak) pool normalization for neurons located on (off) the line results in
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contrast enhancement. FB also increases the response of neurons with re-
ceptive fields located on the line and results in increased local suppression
of background noise.

To visualize this behavior, we probe our network architecture with an
input of like-oriented items forming a dashed contour (see Figure 9, center;
parameters given in Table 3). To measure the relative enhancement of the
contour representation, we use the r- and z-measure defined by r = S̄cont/S̄all
and z = (S̄cont − S̄all )/σall (Li, 1999; Hansen & Neumann, 2008). Here, S̄cont
denotes the mean activity of all neurons located under the bar, while S̄all
is the mean activity of all neurons and σall denotes the standard deviation
of all activities. The r- and z-measures for varying FB strengths verify that
increased FB strength and the interplay with pool normalization result in
an increased facilitation of neurons representing the contour (see Figure 9,
right).

5.4 Orientation Contrast-Dependent Response Behavior. Neighbor-
ing neurons sensitive to different feature properties like orientation and
spatial position were reported to have a significant impact on the neuronal
response (Knierim & Van Essen, 1992; Jones, Wang, & Sillito, 2002; Hunter
& Born, 2011). For example, many V1 cells have a suppressive surround
with a sensitivity that is maximally tuned to the same orientation as the
cell’s excitatory response. The suppressive influence is reduced when the
orientation of a surrounding stimulus deviates from the preferential orien-
tation of the target neuron in the center (Jones et al., 2002; Knierim & Van
Essen, 1992; Naito, Sadakane, Okamoto, & Sato, 2007; Yu & Levi, 2000). This
effect can be explained by the full interaction of spatial and feature specific
responses introduced in the base equation 2.4. Strong inhibition for stimuli
of similarly oriented gratings is explained by strong lateral connectivity of
neurons of similar orientation tuning.

In a numerical experiment, we reproduce the responses as measured
in physiological experiments with drifting gratings (Jones et al., 2002; see
Figure 10). To evaluate the responses to different orientation contrasts, a
circular annulus grating of varying orientation surrounding the central
circular patch is presented (with equal frequency and drifting speed). In
the simulation, we provide synthesized input resembling the output of
motion-sensitive cells. Neural interaction is computed by weighted sums
using two different kernel types to account for spatial and featural center-
surround normalization. In the spatial domain we uses 2D gaussians and
in the circular orientation domain, we use von Mises kernels (circular nor-
mal distributions).5 In the orientation domain, we define the target neu-
ron’s preferred orientation as μ = 0◦. The input strength of a neuron with

5The parameters for the spatial kernels in equation 2.4 were set to σ+
lat = 4 for �+

lat and
σ−

p = 10 for �−
p .
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Figure 10: Response to orientation-contrast stimuli. Black lines: Response pat-
terns of two cells of monkeys. The patterns of the neurons show orientation
alignment suppression with additional general suppression in the bottom panel
(data from Jones et al., 2002, Figure 1, B/D). Gray lines: Response patterns of
two simulated neurons reproducing the response patterns (black lines).

preferred orientation θ relative to the target neuron’s preferred orientation
is then given by

wθ = exp(κ · cos(2 · (θ − μ))

2π I0(κ)
, (5.4)



2762 T. Brosch and H. Neumann

where I0(κ) denotes the modified Bessel function of order 0.6 The two
different von Mises kernels for modeling the center and surround kernel
shapes were specified by the parameters κcent and κsurr, respectively.7 The
model parameters different from the other simulations are set to o = 0,
s = 10, γlat=̂γSE = 0.2 (see Table 3). The parameters κcent, κsurr and γ are
varied to fit the response properties of different cells reported in Jones et al.
(2002).

Figure 10 shows two examples for κcent = 3, κsurr = 4, γ = 2 (top) and
κcent = 2, κsurr = 0.5, γ = 10 (bottom). CRF size was determined to be 2 in
both examples. Figure 10 demonstrates that the proposed canonical neuron
model introduced in the base equation 2.4 accounts for the recordings of
Jones et al. (2002). In both examples, orientation alignment suppression can
be observed due to larger connection strengths of neurons tuned to similar
orientations. In addition, the broadly tuned kernel for κsurr = 0.5 results in
a composite effect of orientation-independent suppression and orientation-
alignment suppression. To summarize, orientation contrast-dependent re-
sponse behavior can be explained by the proposed canonical neural circuits
model with suitable pooling kernels in the spatial and featural domain.

6 Discussion

6.1 Summary of Results. In this work, we propose and analyze a
generic computational element for cortical circuit operations that imple-
ments an abstract model of a cortical column. Cortical cells modulate their
responses as a function of the changes in the space-feature neighborhood
showing adaptation and saturation effects. Such a response property had
been explained by a normalization of individual filter responses (Caran-
dini & Heeger, 2012; Tsui, Hunter, Born, & Pack, 2010). Such responses
representing FF streams along sensory pathways are combined with FB
signals originating at stages higher up in the cortical hierarchy that serve
to enhance the gain of the sensory-driven representations (Bullier, 2001;
Sherman & Guillery, 1998). We showed that the proposed model columnar
circuit and its dynamics combine these computational elements and unify
them in a canonical circuit mechanism. The main results reported in this
article are threefold.

As a first main contribution, we propose a generic architecture of pro-
cessing stages that accounts for signal filtering and nonlinear gain control in

6Large values of κ result in narrowly tuned kernels, while small values result in
broadly tuned kernels. We simulate 12 orientations (�θ = 15◦), and the sum of kernel
weights

∑
θ
w

θ
is normalized to 1.

7The activity of the currently presented orientation is set to one, convolved using the
first, center, kernel, {wcent

θ
}
θ∈[−90◦,90◦ )

, and normalized such that the maximal activity is 1.
The second kernel defines the weights of the featural component of the weights for �−

p in
equation 2.4.
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combined FF and FB pathways. The three-stage architecture directly maps
onto a compartmental segregation of cortical areas: the filtering stage relates
to the processing of driving input signals in cortical layer IV and subsequent
lateral activity integration in layers II/III; modulatory FB is delivered by
axonal projections of remotely located cells to layer I and cells in layers
III and V/VI contacting layer I via their apical dendrites; and layer V/VI
cells laterally integrate activities over a large neighborhood to form a closed
(inhibitory) loop with excitatory input units.

Based on the generic model, as a second main contribution, we identified
different operational regimes that range from stable interactions in which
outputs montonically increase with the input to oscillating and unstable
interactions. We presented an in-depth analysis of the stable operational
regime in which we investigated different variants of the model (see sec-
tion 3). We demonstrated that functions of sigmoidal shape combined with
strong self-excitation lead to even richer network response characteristics,
namely, to a paradoxical drop in overall response when the signal input
is increased, called inhibition-stabilized networks (Latham & Nirenberg,
2004; Ozeki et al., 2009) or even unstabilities and oscillations. A major re-
sult of our analysis is the insight that top-down FB can dynamically change
the network’s operational regime (see sections 3 and 4). These results have
an impact on the development of neurotechnology and biomimetic sys-
tems derived from these investigations. They guide the proper parameter
adjustment to resemble different neuron types.

As a third major result, we demonstrate in section 5 that the model
dynamics are rich and provide the functional variability in reproducing a
wide range of observed phenomena in experiments without the need to
design specific models that account for each phenomenon separately (see
Table 3). None of the demonstrated examples required an extension of the
canonical columnar model to achieve the demonstrated properties.

6.2 Comparison with Other Nonlinear Models with Normalization
Properties. Various models of center-surround inhibition in cortex have
been proposed (Grossberg, 1973, 2013; Somers et al., 1998; Stemmler, Usher,
& Niebur, 1995) among which several mechanisms have stressed the im-
portance of divisive inhibition to explain observed response nonlinearities
and normalization properties (Bonin et al., 2005; Carandini & Heeger, 1994;
Carandini et al., 1997). The nonlinear scaling of (linear) filter responses by
a normalizer is calculated from a spatial pool of neurons over multiple
feature dimensions that accounts for high-contrast saturation, nonspecific
suppression by otherwise ineffective stimuli, and temporal summation non-
linearities (Carandini et al., 1999). We show how such nonlinear effects are
generated dynamically through shunting surround competition but incor-
porate modulatory FB and dynamic pool inhibition of different types. While
other models also stressed the importance of FB (Schwabe et al., 2006; Piëch,
Li, Reeke, & Gilbert, 2013) we argue that the normalization and modulating
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FB combines to create a generic principle to implement a biased competition
of activities. In addition, our model explains how modulatory FB can shift
the system’s nullclines into different operational regimes, thus defining
various functional states.

It has been suggested that cortical computation can be described in terms
of few canonical mechanisms. For example, Kouh and Poggio (2008) de-
fined a nonlinear steady-state mechanism of weighted integration, nonlin-
ear signal transformation, and divisive inhibition to account for various
local neural circuits (Yu, Giese, & Poggio, 2002). Their proposed canonical
mechanism reads

r̄ =
∑n

k=1 sp
k · �k

α + (∑n
k=1 sq

k

)m , (6.1)

where the neural activity r̄ depends on the weighted (�k) activity sk of the
input neurons. While the models of Kouh and Poggio (2008) and Caran-
dini and Heeger (2012) consider steady-state algebraic equations only, the
components and parameters can be interpreted in the context of the inves-
tigation presented here. In particular, α denotes a passive decay parameter,
the exponents p and q resemble nonlinear (polynomial) transfer functions
of the driving input signals (corresponding to firing rates), and m regulates
the normalization strength. Depending on the particular parameterizations,
the energy computation mechanism for complex cell responses can realize
a maximum pooling to achieve size and position invariance properties
(Riesenhuber & Poggio, 1999, 2000; Serre, Wolf, & Poggio, 2005; Mutch
& Lowe, 2008; Brosch & Neumann, 2012b), or a gain control by activity
normalization. The response characterized in equation 6.1 is similar to the
basic mechanism proposed by Carandini and Heeger (2012) to implement
activity normalization as a canonical neural computation (see equation 2.2).

Our investigation adds several new insights to the design of such generic
cortical mechanisms. Unlike these models, we investigated the dynamic
properties of such circuits by showing under which conditions the tempo-
ral trace yields to the steady-state solution discussed in Kouh and Poggio
(2008) and Carandini and Heeger (2012). Additionally, we have shown that
an excitatory sigmoidal transfer function in combination with strong self-
excitation leads to an inhibition-stabilized network explaining the behavior
found in some neurons (see section 4.1 and Tsodyks, Skaggs, Sejnowski,
& McNaughton, 1997; Ozeki et al., 2009). This also explains the seemingly
paradox behavior of some neurons that increased input to the I-neuron
leads to decreased inhibition and decreased activity of the E-neuron which
implies a predictive coding principle implemented by the FB signal. (See
Jadi & Sejnowski, 2014a, 2014b, for a detailed analysis of ISN networks of
the nonshunting type.) Closely connected to this are supralinear stabilized
networks (SSN) in which surround suppression corresponds to sublinear
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summation and facilitation by the near surround for weak inputs to supra-
linear summation (Ahmadian et al., 2013).

Large-scale neural networks of interconnected neurons have been stud-
ied to investigate the emergence of simple and complex cell response selec-
tivity as measured in cortical cells. Shapley and Xing (2013) used model cells
that obey similar response dynamics as in our model depicted in equation
2.1. In their work, the main focus lies in the analysis of dynamic prop-
erties of recurrently connected cells that are organized in columnar units
receiving bottom-up input from LGN cells. Unlike the strictly hierarchi-
cally organized Hubel and Wiesel model (Hubel & Wiesel, 1959, LGN →
V1 simple → V1 complex cells) simple and complex cells in Shapley and
Xing’s model receive strong bottom-up inputs in an egalitarian fashion (Tao,
Shelley, McLaughlin, & Shapley, 2004; Zhu, Shelley, & Shapley, 2009). The
authors demonstrate that the selectivity to stimulus features (e.g., spatial
frequency) develops through the nonlinear response suppression by inhi-
bition (see also Somers et al., 1998; Dragoi & Sur, 2000). Also, Murphy and
Miller (2009) investigated the temporal properties of shaping feature selec-
tivities in local recurrent networks. These investigations may be considered
complementary: fast interactions in a pool shape the feature selectivity we
assumed as independent domains and selectivities.

In our theoretical investigations, we adopted the approach of Zhaoping
(2011) but analyzed the impact of modulatory gain amplification of driving
input signals via FB and different variants of output normalization realized
by an inhibitory pool of neurons. It was shown that this interaction can
be used in large-scale networks with overall stable response properties
(Brosch & Neumann, 2012a; Endres, Neumann, Kolesnik, & Giese, 2011;
Layher, Giese, & Neumann, 2014).

6.3 Other Models That Employ FB, Gain Modulation, and Predic-
tive Coding. Our proposed three-stage columnar cascade model further
extends the surround inhibition and normalization circuit discussed above
by incorporating modulatory FB (Eckhorn et al., 1990; Eckhorn, 1999). We
recently demonstrated that this modulation mechanism appears as a spe-
cial case of a columnar circuit that is fed by self-inhibiting FF input and in
which FB targets excitatory cells, which in turn contact pairs of inhibitory-to-
inhibitory cells to disinhibit the driving input response (Brosch & Neumann,
2014). The reproduction of gain enhancement of somatic cortical pyramidal
cell responses by coincident input at distal dendritic tufts demonstrates the
validity of this generic mechanism (Larkum, 2013).

Several other models have been suggested that emphasize the role of FB
in cortical processing for different tasks and levels of cognitive processing
(Gove et al., 1995; Lamme, 1995; Roelfsema, Lamme, Spekreijse, & Bosch,
2002; Hamker, 2004; Corchs & Deco, 2002; Deco & Rolls, 2005; Schwabe et al.,
2006; Piëch et al., 2013). For example, Hamker (2004) used multiplicative en-
hancement as in our proposal, while the approach by Deco and colleagues
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assumes additive FB into pools of excitatory neurons, which in turn are
inhibited by a mechanism of unspecific inhibition. All of these model ap-
proaches can be represented by the canonical circuit investigated in this
work (Thielscher & Neumann, 2003; Hansen & Neumann, 2004; Weiden-
bacher & Neumann, 2009, demonstrated boundary enhancement for tex-
tured regions, contour grouping and junction extraction). The same generic
framework has also been extended and applied in the motion domain to
account for the mechanism of motion integration, disambiguation (aper-
ture problem), and segregation as well as selective motion feature attention
(Barnes & Mingolla, 2013; Bayerl & Neumann, 2004, 2006; Berzhanskaya,
Grossberg, & Mingolla, 2007; Raudies et al., 2011; Beck & Neumann, 2011).
Similar to our study, Schwabe et al. (2006) investigated the role FB has on the
extraclassical receptive field inhibition. Recently a model of cortical FB was
proposed to investigate the influences context have on local feature repre-
sentations in V1 (Piëch et al., 2013; Gilbert & Li, 2013). The model structure
has several properties in common with our model, namely, the modulation
of bottom-up filter responses and the lateral integration of like-oriented
cells through layer 2/3 horizontal interactions. Unlike Gilbert’s model, in
the model proposed here, different inhibitory actions have been studied,
including shunting inhibition that leads to response normalization.

The functional role FB signals play remains controversial. Different the-
oretical frameworks have been proposed that receive support by different
experimental findings (Markov & Kennedy, 2013). One such framework
proposes that FF sensory activations are amplified by matching FB signals
such that subsequent competition between neurons yields a competitive ad-
vantage, and thus gain enhancement, for those cells that have an increased
gain through the action of modulating FB for matching feature selectivity
(biased competition; Grossberg, 1980; Girard & Bullier, 1989; Desimone,
1998). Another framework interprets the role of FB as predictive in which
a template is activated that represents the expected input pattern represen-
tation given the evidence derived from current bottom-up input signals.
The action of FF and FB signal interaction reduces the residual discrepancy
between the different signal streams (in light of a Bayesian interpretation
and Kalman filtering principle; Ullman, 1995; Rao & Ballard, 1999; Bastos
et al., 2012). The difference between these model frameworks is in the com-
bination of FF and FB signals, which turn out to be two variants of the same
generic principle in case of additive signal convergence (Spratling & John-
son, 2004; Spratling, 2008). In conjunction with the stage of pool normal-
ization (by divisive inhibition), our model column implements the biased
competition property as suggested to be a core principle in attention selec-
tion mechanisms (Desimone & Duncan, 1995; Reynolds & Desimone, 2003;
Reynolds, Chelazzi, & Desimone, 1999). Recently, Reynolds and Heeger
(2009) proposed their “normalization model of attention” to summarize
the conjunctive interaction of multiplicative gain enhancement via FB and
subsequent activity normalization. Their model uses algebraic steady-state
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equations to account for the important nonlinearities in the computations
(as in Carandini et al., 1999). In a similar direction Lee and Maunsell (2009)
developed an attentional normalization model to account for the adjustment
of sensory responses in the presence of multiple stimuli. FB in our model
acts in a similar way as the attention field used in Reynolds-Heeger normal-
ization model (see also Ohshiro, Angelaki, & DeAngelis, 2011). As Reynolds
and Heeger (2009) showed, a model like the one proposed here that incor-
porates divisive normalization (Heeger, 1992) exhibits different forms of
attentional modulation depending on the stimulus selectivity and condi-
tions of the attentional FB in the model. These attention effects range from
multiplicative response amplification (McAdams & Maunsell, 1999; Treue
& Martı́nez-Trujillo, 1999) over changes in contrast gain (Li & Basso, 2008;
Martı́nez-Trujillo & Treue, 2002; Reynolds, Pasternak, & Desimone, 2000)
to attention-dependent sharpening of neuronal tuning (Spitzer, Desimone,
& Moran, 1988; Martinez-Trujillo & Treue, 2004). Furthermore, these cover
effects of response amplification and changes in contrast gain (Williford &
Maunsell, 2006) and the reduction of activity when attending nonpreferred
stimuli paired with a preferred stimulus inside the receptive field of a target
cell (Moran & Desimone, 1985; Recanzone & Wurtz, 2000; Reynolds et al.,
1999; Reynolds & Desimone, 2003). The model presented and analyzed
here further justifies these findings and proposals: the inherent normaliza-
tion property of the columnar model circuit can account for a wide variety
of effects and embeds them in a plausible dynamic mechanism of cortical
computation.

6.4 The Model Cortical Column Compared to Other E-I Systems. In
our analysis of the computational circuit properties, we started our inves-
tigation by reducing it to a local excitatory-inhibitory (E-I) system. This is
the first time that modulatory FB and an I-neuron integrating from a pool of
neurons have been included in such an analysis. This is an important con-
figuration because it was shown (Stimberg et al., 2009) that cortico-cortical
recurrency establishes a cortical operating point close to a line of instability
at which the system becomes particularly sensitive to modulatory effects of
FB signals. The proposed model column relates to previous investigations
of other E-I systems in which oscillatory and stability behavior has been
studied locally (Wilson & Cowan, 1972; Ellias & Grossberg, 1975; Amit
& Brunel, 1997; Terman, Kopell, & Bose, 1998; Zhaoping, 1998). Several
variants of such networks of coupled elements have been studied to find
theoretical justifications for the neurophysiologically plausible neural com-
putations in groups of cells (van Vreeswijk, Abbott, & Ermentrout, 1994;
Deco et al., 2011). Distinct network architectures with E-I compartments
have been studied that consider spike pattern formation, synchronization,
and other dynamic properties in pools of coupled spiking cells in a net-
work (van Vreeswijk & Sompolinsky, 1996; Ermentrout & Kopell, 1998;
Seriès & Tarroux, 1999; Latham, Richmond, Nelson et al., 2000) while some



2768 T. Brosch and H. Neumann

investigate networks of mutually interacting units with rate-coded activa-
tions or coupled oscillators (Wilson & Cowan, 1972, 1973; van Vreeswijk &
Sompolinsky, 1996; Terman et al., 1998; Latham & Nirenberg, 2004; Curtu
& Ermentrout, 2004). Some of these network structures include couplings
from excitatory-to-inhibitory (E-I) neurons as well as the reverse I-E cou-
plings (Wilson & Cowan, 1972, 1973), while some investigated the role E-E
and I-I interactions have on the formation of response patterns and the sta-
bilization of the network dynamics (Wilson & Cowan, 1973; Terman et al.,
1998; Latham, Richmond, Nelson et al., 2000; Li, 2001; Latham & Nirenberg,
2004; Vogels & Abbott, 2009).

Our work is closely related to the study of Ellias and Grossberg (1975),
which also investigated E-I elements with saturation properties. Unlike this
previous work, we consider here modulatory FB that is generated at higher
cortical stages to integrate contextual information and the normalization of
neural activities generated by a separate mechanism that spatially integrates
the activity over a pool of units and over different feature domains. In order
to account for recurrent E-E interactions (resembling lateral long-range in-
tegration of like-oriented cells in layer 2/3 in cortex; Zhaoping, 1998; Piëch
et al., 2013) we incorporated self-excitation in the reduced point-like model
(as in Zhaoping, 2011). In accordance with previous models (Somers et al.,
1998; Dragoi & Sur, 2000; Schwabe et al., 2006), we utilized monotonic func-
tions for the transfer of excitatory activity that responds earlier than those
for the inhibitory activity but with slower increase than the inhibitory signal
function. Inhibitory-inhibitory (I-I) interactions occur in cortex (via mutu-
ally coupled inhibitory subnetworks; Beierlein, Gibson, & Connors, 2003)
and have been investigated in previous models (Wilson & Cowan, 1973;
Zhaoping, 2011). Some authors have explicitly excluded such interactions
since they can lead to disinhibitory effects (Ellias & Grossberg, 1975). We
have considered the computational consequences of incorporating such I-I
couplings at the level of pool interactions by including a self-inhibition in
the reduced point-like model (see section 4.2). In accordance with Latham,
Richmond, Nelson et al. (2000) and Latham, Richmond, Nirenberg et al.
(2000), we observed that I-I coupling counteracts the destabilization by in-
creased E-E coupling. Furthermore, this stabilization has two components,
one that is state independent and is caused by the leakage term and another
that depends on the state of the pool and is strongest for pool activations
in the sensitive part of the pool transfer function gp, that is, for large g′

p( p̄).
Furthermore, we observed how FB can dynamically shift the system into
an inhibition-stabilized regime (see section 4).

6.5 Model Limitations and Possible Extensions. Combined experi-
mental and theoretical investigations have demonstrated surprising effects
in the dynamics of excitatory cells that interact with groups of inhibitory
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cells (Tsodyks et al., 1997; Ozeki et al., 2009). It was shown that neural ac-
tivity suppression can be achieved by a withdrawal of excitation, unlike
the expected effect that is achieved by an increase of inhibition (dubbed
inhibition-stabilized networks, or ISN). We showed in section 4.1 that such
behavior is also possible in the circuit model proposed here. It remains to
further investigate how this regime of instability in excitatory response can
be used to drive a network of interconnected columnar units to an edge of
instabilities to enable quick switching behavior.

Related to such further investigations that we have not considered in
this article are studies of bifurcation behavior to account for dynamic
switches in visual behavior (Curtu & Ermentrout, 2004; Rankin, Tlapale,
Veltz, Faugeras, & Kornprobst, 2013). There, neural field equations have
been defined for excitatory and inhibitory cell ensembles that operate at
different time scales (Veltz & Faugeras, 2010). A dynamic adaptation term
is added as a third network component to change the effectiveness of the
excitatory component. Such an adaptation could be integrated in the circuit
that has been proposed here to investigate dynamic switching to spatially
extended input stimuli. Here, we studied the case of a single intersection of
the nullclines to yield a unique equilibrium (as in Terman et al., 1998). Fur-
ther enhancement of the deflection of the S-shape to supralinear response
functions (Ahmadian et al., 2013) of the r-nullcline may eventually lead to
multiple intersections with the nullcline of the p-unit. As a consequence, a
bifurcation must occur (compare, e.g., Jadi & Sejnowski, 2014a, 2014b, for
an analysis of networks composed of components without saturating con-
ductance properties and response gain adjustment that operate in an ISN
regime).

The different processing streams of FF stimulus processing, lateral re-
sponse integration, and top-down FB reentrant signals are unequivocally
related to different spatial spreads in the connection widths (Angelucci et al.,
2002; Angelucci & Bullier, 2003). These different spreading widths of the
connection kernels have been utilized in models like Schwabe et al. (2006)
to explain certain long-range stimulus integration effects that occur in outer
surround inhibition in cortex—something that remains to be investigated
in the canonical neural circuits model.

7 Conclusion

This article investigates the computational properties of an abstract colum-
nar circuit model and its dynamics. The proposed circuit combines filter-
ing and the modulating enhancement of the potential of a columnar unit
(E-I-pair), which is shown to dynamically shift the operational regime of
a model column. By integrating over a spatial and featural neighborhood,
the I-neuron is not only considered as a point-like entity but analyzed with
respect to its impact in terms of pool normalization, which enabled us to
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predict, for example, contrast-dependent CRF size or orientation contrast-
dependent response behavior with the same model.

The results described in this article enable the definition of neuron mod-
els with a wide variety of response properties and serves as a computa-
tional building block used in engineering large-scale systems of neural
processing in vision. The analytical results guarantee existence, stabil-
ity, and predictability of response behavior for the different model vari-
ants discussed in section 3. Additionally, regimes of inhibition stabilized
networks, instabilities, and oscillations are identified. The mathematical
derivation of the impact of all model parameters enables researches to finely
tune the employed neuron models. The examples shown demonstrate the
explanatory power of the model architecture capable of explaining differ-
ent neurophysiological findings ranging from contrast-dependent recep-
tive field size adaptation over noise reduction and contour enhancement
to orientation contrast-dependent response behavior. The stability prop-
erties of the employed model enable the definition of a wide variety of
large networks of interacting model areas simulating different neuron types
without losing control over the response properties (as demonstrated in
Brosch & Neumann, 2012a). Most important we have shown that FB in
such models can dynamically shift the response behavior of model compu-
tational units to different operational regimes without requiring different
parameters.

To summarize, the research results presented here provide a framework
to analyze previous experimental results using a unified computational
model mechanism. Also, variations and extensions of the analyzed circuit
model can be investigated, making use of the acquired knowledge from
theoretical analysis and guiding further investigation of future extended
models.

Appendix: Proofs and Mathematical Derivations

A.1 Notes on Excitatory Response Characteristics Without Pool In-
hibition and Without Self-Excitation. This section presents the details
regarding the response properties of the excitatory component of the E-
I pair as introduced in section 3.3. The self-excitation is set to zero. The
steady-state potential is given by

r̄ = β
I∗

α + I∗
, (A.1)

with I∗ = Iq · (1 + λ · netFB) (assuming a polynomial response transfer func-
tion of the driving input, f (I) = Iq). For the following theoretical consider-
ations, we consider q = 1 to capture a simple Naka-Rushton shape.
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We show that the response gain of the system is a monotone function in
I and netFB by investigating

∂ r̄
∂I

= ∂ r̄
∂I∗

∂I∗

∂I
= ∂ r̄

∂I∗
(
1 + γ · netFB)

(A.2)

and

∂ r̄
∂netFB

= ∂ r̄
∂I∗

∂I∗

∂netFB
= ∂ r̄

∂I∗
· γ I, (A.3)

respectively, where

∂ r̄
∂I∗

= β

α + I∗

(
1 − I∗

α + I∗

)
= αβ

(α + I∗)2 . (A.4)

Together with the positive functions for ∂I∗
∂I and ∂I∗

∂netFB , this demonstrates
that the response gain is strictly positive. The gain slowly converges to zero
for increasing values of I and/or netFB indicating the saturation properties
of the system. In formal terms, ∂ r̄

∂I∗ ≥ 0 reaching the zero level in the limit
when I∗ → ∞.

A.2 Notes on Subtractive Pool Inhibition Without Self-Excitation.
This section presents additional notes and mathematical proofs omitted in
section 3.4 regarding subtractive pool inhibition.

A.2.1 Input Sensitivity. The input sensitivity in case of subtractive pool
inhibition and netFB = 0 is given by

∂ r̄
∂I

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

αβ

(α + I)2 , I ∈ [0, θlow],

(pm − p0)((βpβ − p0 + Ic)η + αβ(pm − p0))

((pm − p0)I + α(pm − p0) + ηβp)
2 , I ∈ (θlow, θhigh),

αβ + η

(α + I)2 , I ∈ [θhigh,∞).

(A.5)

Note that adopting the notation from equations A.2 and A.3, all of the
previous results also apply for nonzero feedback netFB.

A.2.2 Stability in the Low and High Domain. The linearization at the equi-
librium of equation II in Table 2 in the saturation regions (i.e., the low and
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high domain) is given by ṙ = (−α − I · (1 + λ · netFB)) · (r − r̄), which has a
stable solution.

A.2.3 Stability in the Mid-Domain. The eigenvalues of the linearization at
the equilibrium of equation II in Table 2 in the mid-domain are given by

λ1,2 = 1
2

−(pm − p0)(1 + α + I) ± �

pm − p0
, (A.6)

where �2 = (pm − p0)
2(I + α − 1)2 − 4ηβp(pm − p0). One can show that

�(λ1/2) < 0. We sketch the proof in an itemized fashion:

• If � is imaginary, done.
• Otherwise, assume that λ1 > 0 and show contradiction by moving �

to one side of the equation and squaring both sides.

This shows that the nonlinear system is stable in the mid-domain.

A.3 Notes on Divisive Pool Without Self-Excitation. This section
presents additional notes and mathematical proofs omitted in section 3.4 re-
garding divisive pool inhibition in case of γSE = 0, that is, no self-excitation.

A.3.1 Continuity. Caused by the piecewise definition of the linearized
transfer function gp(·), we consider a piecewise solution of the equilibrium
r̄ in the three domains [0, θlow], (θlow, θhigh), and [θhigh,∞). The qualitative
change of the ODE from one domain to the other could result in an unex-
pected behavior of the potential at equilibrium. In this section, we proove
that the equilibrium potential is a steady function in I defined on [0,∞).

Continuity at θlow:

βI
α + I

!= 1
2

−(α + I)(pm − p0) + γ (p0 − Ic) + 

γβp
(A.7)

2βpβγ I =−(α + I)2(pm − p0) + γ (p0 − Ic)(α + I) + (α + I) (A.8)

(α + I) = (α + I)2(pm − p0)−γ (p0 − Ic)α + γ (2βpβ − p0 + Ic)I︸ ︷︷ ︸
≥0, I≥θlow

.

(A.9)

Taking the square of both sides and reduction of identical terms on both
sides yields

0 = (βpβ + Ic − p0)I
2 + α(Ic − p0)I, (A.10)

which is true for I = θlow.
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Continuity at θhigh:

βI
γ + α + I

!= 1
2

−(α + I)(pm − p0) + γ (p0 − Ic) + 

γβp
(A.11)

 · (γ +α+ I) = 2βpβγ I+ ((α+ I)(pm − p0)−γ (p0 − Ic))(γ + α + I).

(A.12)

Taking the square of both sides and reduction of identical terms on both
sides yields

0 = (βpβ − pm + Ic)I
2 − (γ + α)(pm − Ic)I, (A.13)

which is true for I = θhigh.

A.3.2 Input Sensitivity. The input sensitivity in case of divisive pool
inhibition without self-excitation is given by

∂ r̄
∂I

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

αβ

(α + I)2 , I ∈ [0, θlow],

1
2
(pm − p0) ·

(α+ I)(pm − p0)+ (2βpβ − p0 + Ic)γ −

γβp
,

I ∈ (θlow, θhigh),

β(α + γ )

(α + I + γ )2 , I ∈ [θhigh,∞).

(A.14)

It can be shown that ∂ r̄
∂I > 0 for I ∈ R

+.8

A.3.3 Eigenvalues and Stability. The stability in the low domain is iden-
tical to section A.2.2. The linearization at the equilibrium of equation II
with γSE = 0 in Table 2 in the high domain is given by ṙ = (−α − I · (1 + λ ·
netFB) − γ ) · (r − r̄), which has a stable solution.

The eigenvalues in the mid-domain are given as

λ1,2 = 1
4

−(pm − p0)I − (α + 2)(pm − p0) + γ (p0 − Ic) −  ± �

pm − p0
,

(A.15)

8To show that ∂ r̄/∂I > 0, we move  to one side and show that both sides are positive.
Squaring both sides and reduction proves the proposition.
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where �2

2 = (
(pm − p0) · I + (Ic − p0) · γ

)2 + (2 · (1 + α) · (1 + I) + α2) · (pm
− p0)

2 + ((2ββpI + 2 · (1 + α) · (Ic − p0)) · γ + (α + I − 6) · ) · (pm − p0) +
γ · (Ic − p0) · .

One can show that �(λ1/2) < 0. We sketch the proof in an itemized
fashion:

• Show that the numerator without the � term is always negative:
−(α + 2)(pm − p0) + γ (p0 − Ic) −  < 0.

• Now we can assume � > 0 (otherwise, it is imaginary and we are
done).

• Now we assume that the eigenvalues are positive (which should
lead to a contradiction): −(pm − p0)I − (α + 2)(pm − p0) + γ (p0 −
Ic) −  + � ≥ 0.

• Rewrite to (pm − p0)I + (α + 2)(pm − p0) − γ (p0 − Ic) +  ≤ �.
• Taking the square on both sides, expanding the 2 term, and reducing

of identical terms of both sides leads to 0 ≤ −16(pm − p0), which
resembles the contradiction.

This proves that the nonlinear system is always stable.

A.4 Notes on Divisive Pool Inhibition with Self-Excitation. This sec-
tion presents additional notes and mathematical proofs omitted in section
3.4 regarding divisive pool inhibition in case of γSE > 0, that is, in case of
divisive pool inhibition and self-excitation.

A.4.1 Existence of Solution. Existence of solution (note that this also ap-
plies for the other ODEs studied in equations I to IIa in Table 2): Since the
ODE in equation II in Table 2 is described by a continuous function on
D = (−ε,∞)2, ε > 0, Peano’s existence theorem guarantees a local solution
of the ODE.

In addition, Picard Lindelöf’s existence theorem can be applied by defin-
ing a special metric. Sketch of the proof to show Lipschitz continuity:

• Let f : X → Y denote the function describing the ODE.
• Show Lipschitz continuity of f by applying the Manhattan metric on

X and the following metric d on Y = [0,∞)2: The distance d of the
two points (r1, p1) and (r2, p2) ∈ Y is given by

d((r1, p1), (r2, p2))

= |r1 − r2| + |r2
1 − r2

2| + |r1 p1 − r2 p2| + |p1 − p2|. (A.16)

Now we have shown that f is Lipschitz continuous. Since f is not dependent
on t, it is also continuous in t, and thus we can apply Picard Lindelöf’s
existence theorem, which even guarantees a unique local solution.
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A.4.2 Zero Output for Zero Input. We consider the ODE equation II in
Table 2. It is easy to see that the system stays at the state [r, p] = [0, 0] if
I = 0—r̄ = 0 for I = 0. However, it is not obvious what happens when the
system starts from [r, p] = [r0, p0] with r0 > 0 and I = 0. In this section, we
show that this depends on the parameters α, β, γSE , and γ (see the text for
the impact of feedback).

• For γSE > α/β and low values of Ic, the potential at equilibrium starts
at a positive value (if the system starts at a positive potential r > 0). In
the following, we consider all three domains because depending on
the parameter set, the system could be in each of the three domains
for I = 0 (e.g., Ic > p0 implies that the low domain is not relevant).

Low domain: For γSE > α/β,

r̄|I=0 = β − α

γSE
> 0, (A.17)

for βp(βγSE − α) ≤ γSE · (p0 − Ic) ⇔ Ic ≤ Ilow
c := p0 − βp(βγSE −

α)/γSE .
Mid-domain: The solution in this case depends on the sign of the

square term under the square root : fmid := (βγSE − α)(pm −
p0) + γ (p0 − Ic). The solution in this case reads

r̄|I=0 =

⎧⎪⎨
⎪⎩

(βγSE − α)(pm − p0) + γ (p0 − Ic)

γ βp + γSE (pm − p0)
fmid > 0

0 fmid ≤ 0
, (A.18)

for Ilow
c < Ic ≤ Ihigh

c := pm − βp(βγSE − α − γ )/γSE .
High domain: The solution in this case depends on the sign of

fhigh := βγSE − α − γ . The solution reads

r̄|I=0 =

⎧⎪⎨
⎪⎩

βγSE − α − γ

γSE
fhigh > 0

0 fhigh ≤ 0
, (A.19)

for Ihigh
c ≤ Ic.

It can be shown that the equilibrium potential r̄|I=0 in the low domain
at the threshold to the mid-domain is continuous and that fmid > 0
for Ic = Ilow

c . It can further be shown that sgn( fmid) = sgn( fhigh) at
Ic = Ihigh

c and that the equilibrium potential r̄|I=0 in the mid-domain
at the threshold to the high-domain is continuous. This shows that



2776 T. Brosch and H. Neumann

βγSE − α − γ > 0 is a sufficient condition to guarantee strictly positive
potential at equilibrium for no input and arbitrary pool input Ic. For
0 < βγSE − α < γ , the solution depends on the pool input Ic.

• For γSE <= α/β, one can show that r̄ = 0 if I = 0. Sketch of proof:

Low domain: It holds that βγSE − α < 0 ⇒ r̄|I=0 = 0.
Mid-domain: Only relevant if θlow does not exist (see condition). In

this case it holds p0 − Ic < 0 ⇒ r̄|I=0 = 0.
High domain: Same as for low domain.

A.4.3 Continuity. As in section A.3.1, we prove that despite the qualita-
tive change of the ODEs in the different solution domains, the equilibrium
potential is a steady function in I defined on [0,∞). It is only relevant to
show continuity at θlow/high if p0/m − Ic > 0 (otherwise the low-/mid-domain
are not relevant for any input I).

Continuity at θlow: A solution for p̄ = p0 in the low domain exists
only if 2γSE (p0 − Ic) − βp(βγSE − α − I) ≥ 0 (this condition arises by solv-
ing p̄ = p0; taking the positive square root to one side, one sees that
there is a solution only if this condition is met). A solution for p̄ = p0 in
the mid-domain exists only if 2(p0/m − Ic)(γ βp + γSE (pm − p0)) − βp(βγSE −
α − I)(pm − p0) − γ βp(p0 − Ic) ≥ 0 (this condition also arises by solving
p̄ = p0/m). Comparison of both conditions shows that the existence of the
solution in the low domain implies the existence of the solution in the mid
domain. Comparison of both solutions at I = θlow shows that the solutions
are identical at I = θlow.

Continuity at θhigh: For I ∈ (θlow, θhigh), it holds that r̄ > 0. Consequently,
if θhigh exists, it is positive. This implies that βp(α + γ ) − γSE (βpβ − pm +
Ic) = γSE (pm − Ic) − βp(γSEβ − α − γ ) > 0 (nominator of θhigh. This in turn
implies that 2γSE (pm − Ic) − βp(βγSE − α − I − γ ) ≥ 0 which guarantees the
existence of a solution for p̄ = pm in the high domain (condition arises by
solving p̄ = pm). Comparing the solutions in the mid- and high domain at
I = θhigh shows that they are identical for I = θhigh.

A.4.4 Monotonicity. The equilibrium r̄ is a monotone function of I. For
the low and high domain, it is straightforward to show ∂ r̄/∂I > 0. For the
mid-domain, this can be shown given βpβ − pm > βpβ − p0 > 0. We sketch
the proof in an itemized fashion:

• Look at the numerator; divide by pm − p0; and move  to one side.
• Using βpβ − p0 > 0, show that the other side is greater zero.
• Square both sides, and look at the difference of squares.

This proves that increasing exciting input I results in an increased potential
at equilibrium r̄.
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A.4.5 Input Sensitivity. The input sensitivity in case of divisive pool
inhibition and self-excitation is given by

∂ r̄
∂I

=⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
2

I + α + βγSE − �low

�lowγSE
, I ∈ [0, θlow],

1
2

(pm − p0)
2I+ (pm − p0)((2βpβ − p0 + Ic)γ + (α+γSEβ)(pm − p0)−)

(γβp + γSE (pm − p0))
,

I ∈ (θlow, θhigh),

1
2

I + α + βγSE + γ − �high

�highγSE
, I ∈ [θhigh,∞).

(A.20)

It can be shown that ∂ r̄
∂I > 0 is strictly positive.9

A.4.6 Self-Excitation Strength Sensitivity and Feedback Sensitivity. Self-
excitation strength sensitivity. The sensitivity ∂ r̄/∂γSE describes the rate of
change the equilibrium response r̄ undergoes for varying strengths of the
self-excitation parameter γSE . Again, we investigate the different input lev-
els for the operating ranges of the firing rate functions. In particular, we
get

∂ r̄
∂γSE

= 1
2

β(α − I)γSE + (I + α)�low − (I + α)2

�lowγ 2
SE

, I ∈ [0, θlow], (A.21)

∂ r̄
∂γSE

= pm − p0

(γβp + γSE (pm − p0))
2 · ((γ β(pm − p0)γSE + (p0 − Ic)γ

2

− (α + 3I)(pm − p0)γ − γ ) · (βpβ − p0 + Ic)

−β(I − α)(pm − p0)
2γSE + (Ic − p0)(I − α)(pm − p0)γ

− (I + α)2(pm − p0)
2 + (I + α)(pm − p0)), I ∈ (θlow, θhigh),

(A.22)

∂ r̄
∂γSE

= 1
2

β(α − I + γ )γSE + (I + α + γ ) · �high − (I + α + γ )2

�highγ
2
SE

,

I ∈ [θhigh,∞). (A.23)

9Show that nominator of equation A.20 is positive by moving the square root
(�low//�high) of the nominator to one side of the inequality. Squaring both sides (both

sides are greater zero) and reduing proves ∂ r̄
∂I > 0.
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It can be shown that ∂ r̄/∂γSE ≥ 010. This is an important result in the context
of the feedback sensitivity (see below).

Impact of feedback. All of the previous results can be easily applied to
the case of nonzero feedback. Just replace [I, γSE] ∈ (R+)2 by [I∗, γ ∗

SE] =
[I, γSE] · (1 + λ · netFB). In the case of the input sensitivity (see equation
A.20), one needs to add the factor (1 + netFB) (originating from the chain
rule of calculus) to the input sensitivity ∂ r̄/∂I.

Note that for initial nonzero potential r and γSE · (1 + λ · netFB) > α
β

zero
input I = 0 yields a positive potential at equilibrium r̄ (see section A.4.2
for more details). This implies that large feedback can significantly change
the initial response behavior in this case since for Ic = 0; for example, the
neuron may be tonically active depending on γSE · (1 + λ · netFB) being less
or greater than α

β
.

Feedback sensitivity. The sensitivity regarding feedback can be easily de-
rived from the input sensitivity ∂ r̄/∂I and the sensitivity regarding the self-
excitation strength ∂ r̄/∂γSE . Using the chain rule, the feedback sensitivity is
given by

∂ r̄
netFB

= λ ·
[

I · ∂ r̄
∂I∗

(I∗, γ ∗
SE ) + γSE · ∂ r̄

∂γSE
(I∗, γ ∗

SE )

]
, (A.24)

where [I∗, γ ∗
SE] = [I, γSE] · (1 + λnetFB). The right-hand side represents a

weighted sum of the input sensitivity and the self-excitation strength sen-
sitivity. For low excitatory input I, for example, the feedback sensitivity is
approximately equal to the self-excitation strength sensitivity multiplied by
λ · γSE . For a weak self-excitation strength in turn, the feedback sensitivity is
dominated by the input-sensitivity ∂ r̄/∂I. Equation A.24 also demonstrates
that the feedback strength parameter λ directly scales the feedback sensi-
tivity regardless of the input strength I or the self-excitation strength γSE .
Consequently, one can directly increase the feedback’s impact strength by
adjusting the parameter λ.

A.4.7 Stability. For the mid-domain, the equation gets more complicated
due to the incorporation of the self-excitation term and the pool inhibition
that receives input from this term as well. Since the resulting equation for
λ1,2 renders not to be treatable analytically, we employed a numerical Monte
Carlo analysis instead, testing about 10 billion valid parameter sets. More
precisely, a parameter set was considered correct if 0 < p0 < pm < βpβ, 0 <

γSE < α/β, 0 ≤ Ic ≤ pm, and I ∈ [θlow, θhigh]. Each strict inequality is fulfilled

10To prove that ∂ r̄/∂γSE ≥ 0, show that the nominator of equations A.21 to A.23 is
positive by moving the summand containing the square roots (�low//�high) to one side
of the inequality. Squaring both sides (if the side without the square root is smaller zero
we are done) and simplification proves the statement.
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such that the difference is at least ε = 0.001 (e.g., ε ≤ p0, p0 + ε ≤ pm). The
value of each parameter was smaller than 100. The eigenvalues in all cases
had a negative real part; that is, the tested equilibrium in the mid-domain
was stable.

In the following, we prove that the equilibria in the low and high domains
are stable:

• Stability in the low domain: The ODE simplifies to

ṙ = f (r) := − αr+ (β −r) · (I+γSEgr(r)) · (1+λ · netFB). (A.25)

Linearization at the equilibrium r̄ requires the determination of fr(r̄),
which is given as

fr(r̄) = −
√

I2 + 2(α + βγSE )I + (α − βγSE )2 < 0. (A.26)

Consequently, the equilibrium is stable.
• Stability in the high domain: The ODE simplifies to

ṙ = f (r) := − αr+ (β −r) · (I+γSEgr(r)) · (1+λ · netFB)−γ · r.

(A.27)

Linearization at the equilibrium r̄ requires the determination of fr(r̄)
which is given as

fr(r̄)= −1
2
(4I2 + 4(1 + 2βγSE + 2γ + 2α)I + 4 (A.28)

· (α−βγSE +γ )2 +4 · (γ +βγSE +α)+1)
1
2 < 0, (A.29)

implying a stable equilibrium.

This proves that the equilibrium is stable in the low and high domain and
that it is highly likely to select a parameter set that is stable in the mid-
domain too.

A.4.8 Limit. The potential at equilibrium r̄ is bounded. We utilize fol-
lowing formula:

√
(I + a)2 + bI − (I + a) = b√

(I+a)2+bI
I2 + I+a

I

→
I→∞

b
1 + 1

= b
2
,

→
a→∞ 0. (A.30)
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Using this relation and �high = √
(I + α + γ − βγSE )2 + 4βγSEI, limI→∞ r̄ in

the high domain is given as

lim
I→∞

r̄ = lim
I→∞

1
2γSE

(�high − (I + α + γ − βγSE )) = 1
2γSE

· 4βγSE

2
= β.

(A.31)

Using the same relation, one can show that the limit for the other domains is
also β. This is important since this implies that the thresholds θlow/high always
exist except for the cases in which the equilibrium starts at a strictly positive
value and βpr̄ + Ic > p0/m for I = 0 (see section A.4.2 for more details).
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