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a b s t r a c t

If a visual observer moves through an environment, the patterns of light that impinge its retina vary lead-
ing to changes in sensed brightness. Spatial shifts of brightness patterns in the 2D image over time are
called optic flow. In contrast to optic flow visual motion fields denote the displacement of 3D scene points
projected onto the camera’s sensor surface. For translational and rotational movement through a rigid
scene parametric models of visual motion fields have been defined. Besides ego-motion these models
provide access to relative depth, and both ego-motion and depth information is useful for visual naviga-
tion.

In the past 30 years methods for ego-motion estimation based on models of visual motion fields have
been developed. In this review we identify five core optimization constraints which are used by 13 meth-
ods together with different optimization techniques.1 In the literature methods for ego-motion estimation
typically have been evaluated by using an error measure which tests only a specific ego-motion. Further-
more, most simulation studies used only a Gaussian noise model. Unlike, we test multiple types and
instances of ego-motion. One type is a fixating ego-motion, another type is a curve-linear ego-motion. Based
on simulations we study properties like statistical bias, consistency, variability of depths, and the robustness
of the methods with respect to a Gaussian or outlier noise model. In order to achieve an improvement of
estimates for noisy visual motion fields, part of the 13 methods are combined with techniques for robust
estimation like m-functions or RANSAC. Furthermore, a realistic scenario of a stereo image sequence has
been generated and used to evaluate methods of ego-motion estimation provided by estimated optic flow
and depth information.

� 2012 Elsevier Inc. All rights reserved.

1. Introduction

Von Helmholtz and Gibson described the perception of ego-mo-
tion [18] and relative depth [27] on the basis of visual signals. Gib-
son studied optic flows, especially radial expanding flows which
occur during landing an airplane. He identified the focus of expan-
sion (FOE) as the point where the length of the flow vectors is zero.
This part of the image remains static while landing and marks the
landing point. Helmholtz described the perception of relative
depth due to motion parallax. Motion parallax is especially helpful
to identify the relative order of objects in depth. For translational
motion distant points have a smaller displacement on the retina
than near points. In the projection the horizon appears static,
although we come closer to the horizon when traveling forward.

Relative depth can be estimated due to the dependency of motion
speed on depth for translational ego-motion.

A sequence of images recorded while moving the camera con-
tains information about the 3D movement of the camera as well
as the relative depth of the pictured environment. To extract this
information three estimation problems have to be solved. Each
estimation problem is indicated by an arrow between two boxes
in Fig. 1a. First, the optic flow for subsequent frames has to be
estimated based on the change of brightness over time. Second,
ego-motion has to be estimated given the optic flow and a model
of visual image motion. The third problem is the estimation of
relative depth, relative with respect to the translational speed of
the observer. Besides, this successive solution of problems, direct
methods estimate ego-motion and depth directly from brightness
changes indicated by the curved arrows on the left side in
Fig. 1a. In this review we focus on methods that solve the ego-
motion and depth estimation from optic flow or analytically de-
fined visual image fields.

A model for visual motion fields generated by ego-motion
through a rigid environment has been proposed by Longuet-
Higgins and Prazdny [39]. Longuet-Higgins and Prazdny’s model
enabled the development of a series of methods for the estimation
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of ego-motion to steer robots (an overview is given in [3]). Here,
we provide a review of these methods and develop a common
notation. Methods are structured according to the constraints
and optimization technique they use, see Fig. 1b. This work identi-
fies five different constraints for the estimation of ego-motion. The
four constraints, squared distance, probabilistic, motion parallax,
and bilinear, are derived from Longuet-Higgins and Prazdny’s mod-
el of visual motion fields. The fifth, the epipolar constraint, is de-
rived from Longuet-Higgins’s stereo model. These constraints can
be linear in a subset of all unknowns which determine ego-motion,
bilinear in either the translational or the rotational variables, or
nonlinear. For each constraint an appropriate optimization tech-
nique is used. We discuss the least squares (LSQ), fix point iteration
(FP), Gauss–Newton iteration (GN), Hough transfrom (HT), and
hierarchical grid (HG) optimization techniques. In the review each
estimation method is defined as a combination of optimization
constraints and techniques.

In realistic scenarios models for visual motion fields only
approximate estimated optic flow for three reasons. First, errors
in the estimation of optic flow occur. Typically, optic flow is esti-
mated assuming the temporal constancy of brightness, not true
in all situations, e.g. for moving light sources. Subsequently, the
stability of the solution for ego-motion estimation depends on
the ‘robustness’ of the optimization technique used. Therefore,
we evaluate estimation errors for methods using different optimi-
zation techniques. These methods estimate ego-motion from ana-
lytically defined visual motion fields influenced by noise. Noise is
either an additive Gaussian noise or outlier noise. Sensory noise
has been excluded from this analysis. But both noise models
should capture the error characteristics of methods estimating op-
tic flow from brightness changes.

A second reason why models of visual motion fields only
approximate estimated optic flows is due to additional sources be-
sides ego-motion contributing to the visual motion field. Parts
within the visual field may undergo a deformation, like the skin
of a face while talking or objects may not be static, instead they
move independently, like a pedestrian crossing the street in front
of the car you are driving. To address the latter issue of indepen-
dently moving objects we describe techniques for the robust ego-
motion estimation. These techniques are m-functions, random
sample consensus (RANSAC), and the Hough transform.

Third, visual motion can be described from a discrete or a
differential viewpoint [40]. From a discrete viewpoint a model
for the displacements between two subsequent images is defined
by a 3D shift and 3D rotation. In computer graphics these transfor-
mations are known as viewpoint transformations. A viewpoint

transformation assigns the coordinate system a new origin and a
new orientation in 3D space [58, see Chapter 7]. From the differen-
tial viewpoint temporal derivatives of the viewpoint transforma-
tion are calculated. Thus, the shift and rotation are physically
interpreted as a translational and rotational velocity. In classical
mechanics this is known as instantaneous motion [19]. A remark-
able property is that instantaneous motion can be written as a lin-
ear combination of translational and rotational components. Most
of the reviewed methods use the differential viewpoint, although
this viewpoint only applies in theory. Typical cameras, not high-
speed cameras, discretize time into approximately 30 frames per
second and the resulting velocities of the optic flow can be quit
high. However, if translational and rotational velocities are small,
it can be valid to use the differential viewpoint. Part of our evalu-
ation of methods estimating ego-motion will address the validity
of the differential viewpoint.

This article continues with a description of Longuet-Higgins and
Prazdny’s model for visual image fields and Longuet-Higgins’s ste-
reo model from a differential and discrete viewpoint (Section 2).
Both models are used to derive constraints for the estimation of
ego-motion (Section 3). These constraints are combined with opti-
mization techniques to describe different methods from the litera-
ture as well as new ones (Section 4). Methods are tested by
simulating different ego-motions through a random dot cloud
and computing the error between estimates and ground-truth
(Section 6). Techniques for robust model estimation are described
(Section 7) and evaluated performing the same simulations (Sec-
tion 8). The ego-motion through a more realistic scene than the
random dot cloud is studied as well (Section 9). The achieved re-
sults are discussed in the context of previous reviews on methods
estimating ego-motion (Section 10). Finally, a conclusion is given
(Section 11).

2. Models for visual motion fields caused by ego-motion

2.1. Longuet-Higgins and Prazdny’s motion field model

This model describes visual motion as 3D velocities
_~Pi ¼ ð _Xi; _Yi; _ZiÞt projected onto an image plane, whereby t denotes

the transpose operator and subindex i indexes different locations
in visual space. These 3D velocities are associated with the 3D
points ~Pi ¼ ðXi;Yi; ZiÞt and these velocities are described by the
instantaneous motion _~Pi ¼ �~v � ~x�~Pi, whereby � denotes the
cross product. Instantaneous motion is described by the transla-
tional velocity ~v ¼ ðvx;vy;vzÞ and angular velocity x = (xx, xy,

(a) (b)

Fig. 1. (a) Three different estimation problems have to be solved in order to estimate relative depth and ego-motion from brightness changes. Direct methods estimate ego-
motion and depth directly from brightness changes, bypassing the estimation of optic flow. (b) Shows the components of a method which robustly estimates ego-motion.
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xz) [19]. The length of the vector k~vk and k~xk encodes the speed of
translation and rotation, respectively. These 3D velocities are pro-
jected onto an image plane assuming a pinhole camera model with
focal length f. For this pinhole camera model 2D image coordinates
are defined by ~pt

i ¼ ðxi; yiÞ ¼ f=Zi � ðXi;YiÞ. Calculating the temporal
derivative of this expression and plugging in the definition for
instantaneous motion yields to the 2D velocities defined on the im-
age plane2 [39]

_~pi :¼
_xi

_yi

� �
¼ 1

Zi

�f 0 xi

0 �f yi

� �zfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflffl{¼:Ai

vx

vy

vz

0B@
1CA

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼: _~pT;i ðtranslationÞ

þ1
f

xiyi � f 2þx2
i

� �
fyi

f 2þy2
i

� �
�xiyi �fxi

 !zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{¼:Bi

xx

xy

xz

0B@
1CA

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼: _~pR;i ðrotationÞ

:

ð1Þ

The components _~pi ¼ ð _xi; _yiÞt denote locations on the image plane.
For the pinhole camera model the third component has the constant
value of f and is therefore not explicitly denoted. Note that the

depth Zi and the translational speed k~vk are invariant to each other,
thus, only a translational direction and relative depth can be calcu-
lated. Throughout this article we set the translational speed to a va-
lue of one ðk~vk ¼ 1Þ and report depth values in relation to this
translational speed. For translations along the optical axis, formally
~v ¼ ð0;0;�1Þ and ~x ¼ ð0;0;0Þ, a point with flow vectors of zero
magnitude exist in the center of the image plane. For forward
motion this point is called the focus of expansion (FOE) and for
backward motion it is called the focus of contraction (FOC) or in
general the ‘epipole’. Fig. 2a provides a graphical depiction of
Longuet–Higgins and Prazdny’s motion field model.

The Longuet-Higgins’s Stereo Model The same 3D spatial location
~P can be described from two viewpoints which are linked by a shift
~s ¼ ðsx; sy; szÞt and a rotation~h ¼ ðhx; hy; hzÞt , whereby the rotation is
computed using the rotation matrix R~h. Fig. 2b depicts a point P
that is captured from two viewpoints. These viewpoints relate to
each other by shift and rotation. These translational and rotational
transformations form the Euclidian group. A description for the
same point from both viewpoints is

~Pðt þ DtÞ ¼ R~h
~PðtÞ þ~s: ð2Þ

(a)

(b)

Fig. 2. Models to formalize the displacements in time and visual space of image sequences. (a) This subfigure illustrates Longuet-Higgins and Prazdny’s model of visual image
motion. If the world is moving around the observer the velocity of an arbitrary point~P in 3D space is described by the vector _~P. According to the instantaneous motion model
this 3D velocity vector _~P is composed of the translational velocity ~v and rotational velocity ~x. (b) If the observer (camera) is moving, the same point~P can be described from
two different viewpoints. Both viewpoints are related to each other by the shift~s and rotation ~h.

2 This definition refers to a left-handed coordinate system.
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This rotates first and shifts second the camera from one viewpoint
to the other viewpoint. The Eq. (2) is typically used to reconstruct
scenes with images taken from multiple viewpoints [38], thus,
called stereo model. Another way to use the equation is to estimate
the parameters of the transformation between the two viewpoints
(essential matrix). Therefore, two images are taken from the same
scene but from different viewpoints and point correspondences
for pixel locations of first and second image are given. For the esti-
mation of ego-motion these point correspondences can be assumed
to be defined by the optic flow. A differential formulation (Dt ? 0)
of the stereo model also exists [31].

2.2. Problem formulation for the estimation of ego-motion

In this review for methods estimating ego-motion we assume
for most of the simulations an analytically visual motion field is
given, thus, the first estimation problem in Fig. 1a is solved. This
visual motion field is denoted by _~qi ¼ ð _xq;i; _yq;iÞ. Analogously, if
the translational or rotational component of the visual motion field
is given, this is denoted by _~qT;i and _~qR;i, respectively. A motion field
can be described by either the Longuet-Higgins and Prazdny’s
motion field model, Eq. (1), or by Longuet-Higgins’s stereo model,
Eq. (2). For both models the unknowns are ~v and ~x from a differ-
ential viewpoint or ~s and ~h from a discrete viewpoint. Note that
Longuet-Higgins and Prazdny’s model provides only a differential
viewpoint. Theoretically, five data points linear independent in
optimization space are sufficient to estimate ego-motion [43].
Using more data points is useful for noisy input. In the next section
constraints for the estimation of ego-motion are derived on the ba-
sis of these two models.

3. Optimization constraints for the estimation of ego-motion

In this section five optimization constraints for the estimation
of ego-motion are derived. A constraint can be derived either using
the Longuet-Higgins and Prazdny’s motion field model or Longuet-
Higgins’s stereo model. The link between optimization constraints
and one of two models employed for their deviation is depicted in
Fig. 3. In addition this figure shows which optimization constraints
are used by which methods described in the literature.

3.1. Squared distance constraint

This constraint compares the given visual motion field _~qi with
the model _~pi from Eq. (1) taking the squared Euclidian distance

csqd
i :¼ wik _~qi �

1
Zi

Ai~v þ Bi~x
� �

k2 8i ¼ 1 . . . m: ð3Þ

The matrices Ai and Bi contain information about the model and
depend on the image coordinates (xi, yi), see Eq. (1). However, for
the clarity of the notation these arguments (xi, yi) are omitted.
The factor wi denotes a weighting factor which is later used in
Section 7 in combination with robust estimation methods.

3.2. Bilinear constraint

The bilinear constraint can be derived by optimizing csqd with
subject to depth Zi and plugging the result into csqd [9]. This optimi-
zation leads to the formulation of the bilinear constraint

cbil
i ðqÞ :¼ ð _~qi � Bi~xÞtðAi~vÞ?=ðkAi~vk2Þ

q
; with ðAi~vÞt?ðAi~vÞ ¼ 0;

ð4Þ

whereby the symbol \ denotes an orthogonal vector. Here, the vec-
tor ðAi~vÞ? is orthogonal to the vector ðAi~vÞ and the inner product
between them evaluates to zero. In their method Bruss and Horn
[9] use the exponential q = 0 which is a weighted version of the
bilinear constraint equation cbil

i ðq ¼ 0Þ. This weighted version is
bilinear, either linear in ~v or ~x. For q = 1 the un-weighted version
is given. An optimization with the weighted version introduces a
statistical bias, but defines a bilinear equation (at least for q = 0).
On the other hand, the un-weighted version (q = 1) does not include
a statistical bias, but it adds singular points to the objective func-
tion. One strategy is to change q during iterative optimization.

3.3. Motion parallax constraints

Motion parallax occurs at spatial regions which include a dis-
continuity in depth. This effect can be enhanced for motion trans-
parency where two motions exist at the same visual location and
these two motions are generated by surfaces in different depths.
A difference between these two motions which exist at the same

Fig. 3. Optimization constraints from the literature are assigned to five different categories and are derived either from Longuet-Higgins and Prazdny’s motion field model or
Longuet-Higgins’s stereo model.
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spatial location results in a scaled version of the translational com-
ponent of the visual motion field [54,34]. An approximation which
does not require motion transparency computes differences be-
tween neighboring spatial locations. Then the calculation of differ-
ences can be expressed in formal terms using the Jacobian matrix J,
the total derivative of the vector field ð _x; _yÞ. Differences are
computed in arbitrary direction for each of the flow components
notated in the basis system (1,0) and (0,1). Here we further con-
strain by computing the difference in the direction
/ ¼ arctan 2ð _yq; _xqÞ of the visual motion field. Thus, a scaled version
of the translational visual motion field can be computed by
_~qT � J _~q

~n/ with ~n/ the directional vector defined by the angle /. In
our implementation the computation of the total derivative is
approximated by using central differences. Only vectors with a
length greater than the mean length of all vectors of the transla-
tional visual motion field are selected to exclude vectors which
do not belong to regions around discontinuities in depth. For the
selected vectors bV T the motion parallax constraint is

cfpar
i ðqÞ :¼ wi

_~qt
T;iðAi~vÞ?=kAi~vkq2 ; ð5Þ

by using the bilinear constraint with ~x ¼ ð0;0;0Þt and the transla-
tional visual motion field _~qi ¼ _~qT;i. The parameter q adjusts the
weighting factor kAi~vk�q

2 and has the same influence as discussed
in the previous paragraph.

A different strategy for cancelation of the rotational component,
named subspace method, was suggested by Heeger and Jepson
[30]. They derived the equation

0 ¼ wið _~v tð~pf ;i � _~qf ;iÞ � ð~v �~pf ;iÞtð~pf ;i � ~xÞÞ ð6Þ

which is an algebraic transformation of the bilinear constraint
cbil

i ðq ¼ 0Þ. The vector ~pf ;i :¼ ðxi; yi; f Þ
t defines the location of a mo-

tion vector _~qf ;i :¼ ð _xi; _yi;0Þt on the image plane. Note, that we added
the subindex f to highlight that both vectors are 3D vectors. As _~qf ;i is
a temporal derivative the constant third component of value f eval-
uates to zero. The Eq. (6) is rewritten in the form~v tð~nþHi~xÞ, where
~n ¼~pf ;i � _~qf ;i is a vector, and Hi is a 3 � 3 matrix which is a quadratic
function in terms of the image coordinates xi and yi (see also Eq.
(22)). In detail this function is given by Hiðxi; yiÞ ¼ h1 þ h2xi þ h3yi

þh4xiyi þ h5x2
i þ h6y2

i , whereby the factors fhjð~v; ~xÞgj¼1;...;6 depend
on the components of translational and rotational ego-motion. If
we assume a total number of m flow vectors the bilinear constraint
can be written in the matrix-vector product F(h1, . . . , h6)t with the
matrix F ¼ 1; xi; yi; xiyi; x2

i ; y2
i

� �
i¼1���m. A subspace U is constructed,

for instance, by singular value decomposition (SVD), which is
orthogonal to F. Subsequently FU = 0. If F has full rank, this sub-
space U exists of m � 6 vectors with m dimensions. Using these sub-
space vectors the dependency on ~x in Eq. (6) is eliminated, leading
to the subspace constraint

cpar
j :¼ ~v t

Xm

i¼1

Uk;iwið~pf ;i � _~qf ;iÞ k ¼ 1 � � �m� 6: ð7Þ

Note, that this constraint includes no approximation unlike to the
former constraint from Eq. (5).

3.4. Epipolar constraints

The epipolar constraints are based on the Longuet-Higgins’s ste-
reo model. By geometrical arguments we infer that the three vec-
tors ~PðtÞ;R~h

~Pðt þ DtÞ, and~s are located in the same plane, namely
the epipolar plane [38,39], see also Fig. 1. This collinearity can be
expressed by the constraint equation ðR~h

~Piðt þ DtÞÞtð~s�~PiðtÞÞ ¼ 0.
Using the formulation of a pinhole camera and direct mapping of
image coordinates to pixel coordinates (no shift and unit scaling)
the uppercase letter ~P ¼ ðX; Y; ZÞt ’s can be directly replaced by

the lowercase letter ~p ¼ ðx; yÞt ’s together with the multiplication
of the corresponding depth coordinate. The extrinsic camera
parameters of shift ~s and rotation ~h can be summarized in the
essential matrix E. The resulting constraint equation is multiplied
by the term Z(t) � Z(t + Dt)/f2 [38, compare with Equation 12]. Then
the discrete epipolar constraint equation is

cepi;disc
i :¼ wið~pf ;iðt þ DtÞÞtE~pf ;iðtÞ ð8Þ

with the definitions ~pf ;iðt þ DtÞ :¼ ðxiðt þ DtÞ; yiðt þ DtÞ; f Þt and
~pf ;iðtÞ :¼ ðxiðtÞ; yiðtÞ; f Þ

t . This formulation with discrete time t uses
the translational shift ~s and rotation matrix R~h. A formulation for
differential motion has been derived as well, for instance, in [31,
see Appendix B]. Thus, the differential epipolar constraint is

cepi;diff
i :¼ wiðð _~m�i Þ

t~v þ ~mt
i K~miÞ ð9Þ

with the following definitions

~mi :¼ xi yi fð Þtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

i þy2
i þ f 2

q ; _~m :¼
_xq;i _yq;i 0
� �t�ðxi _xq;iþyi _yq;iÞ xi yi fð Þtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2
i þy2

i þ f 2
q ;

ð10Þ
_~m�i :¼ _~mi � ~mi, and K :¼ ð~xt~vÞI� 1

2 ð~x~v t �~v~xtÞ. In Eq. (10) ~m
denotes the normalized unit vector which points to a location in
the scene and _~m is the velocity vector for that location caused by
translation ~v and rotation ~x which includes the given visual motion
field _~q ¼ ð _xq;i; _yq;iÞ.

3.5. Probability distributions and probabilistic constraints

Another category of constraints can be called probabilistic con-
straints cprob. In general, a constraint from this category makes
assumptions about the probability distribution of the depth in
the environment and the ego-motions. One possibility is to assume
that residual vectors k _~q� _~pð~UiÞk2

2 follow a normal distribution [13].
Thereby the conditional parts depends on the model parameters
~Ui ¼ ð~v ; ~x; ZiÞ. These parameters are translation, rotation, and
depth values. In total they form a 7D vector. Using the assumption
of a normal distribution the probability density function is

Pð _~qij~UiÞ / exp �k
_~qi � _~pið~UiÞk2

2 � r2
P

 !
: ð11Þ

This is the probability to observe a motion vector _~qi given the ego-
motion and depth value which are summarized in the vector ~Ui.
With this formulation the probability P(Zi) to observe a depth value
Zi can be expressed. For instance, the typical structure a ground
plane, can be integrated into the probabilistic formulation as prior
knowledge. Using Bayes’ theorem the maximum a-posteriori
(MAP) estimate is

~UMAP;i ¼ arg max
~Ui

Pð~Uij _~qiÞ ¼ arg max
~Ui

Pð _~qij~UiÞPð~UiÞ
Pð _~qiÞ

: ð12Þ

Besides the prior Pð~UiÞ for the parameters, the probability Pð _~qiÞ for a
motion vector at location i being observed is also required. The

probability Pð _~qiÞ can be inferred from the conditional probability

in Eq. (11) together with the probability Pð~UiÞ using Bayesian infer-

ence. Marginalization over all possible parameter values ~U0i results

in Pð _~qiÞ ¼
R
~U0

i
P _~qij~U0i
� 	

P ~U0i
� 	

d~U0i. To combine different measure-

ments _~qi from all locations of the image plane we assume indepen-
dence for those; although, this is critical because flow vectors of
nearby locations have a strong similarity if they are located at the
same depth. Nevertheless, assuming independence of nearby mea-
surements allows us to calculate the estimate

610 F. Raudies, H. Neumann / Computer Vision and Image Understanding 116 (2012) 606–633
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~UMAP ¼ arg max
~Ui ;i¼1...m

�
Xm

i¼1
log

Pð _~qij~UiÞPð~UiÞR
~U0

i
Pð _~qij~U0iÞPð~U0iÞd~U0i

0@ 1A
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

¼:cprob;map

8>>>>><>>>>>:

9>>>>>=>>>>>;
; ð13Þ

which maximizes the posterior probability distributionQm
i¼1Pð~Uij _~qiÞ. Additional assumptions or simulations has to be per-

formed to measure the probability Pð~UiÞ. In our case we have no
prior knowledge Pð~UiÞ and an uniform probability distribution is
assumed.

Different residual functions can be interpreted in a probabilistic
way as well. For instance, the constraint

Ptuneð _~qij~UiÞ /maxðcosð�iÞ;0Þ � expð� logðDiÞ2Þ ¼: cprop;tune; ð14Þ

which is also named the tuning function [36]. The Eq. (14) is written
using an abstract notation, where �i denotes the angular difference
between vectors of the given visual motion field _~qi and vectors of
the model visual motion field _~pi. Here, model vectors are calculated
using the Longuet-Higgins and Prazdny’s motion field model from
Eq. (1). The speed difference Di :¼ jk _~pik � k _~qikj is calculated as the
difference between absolute values of the lengths of these vectors.

Another possibility is to use the bilinear constraint equation to
define the probability density function

Pbilð _~qj~v ; ~xÞ / exp �kðAi~vÞt?ð _~qi � Bi~xÞk2

2 � r2
P

 !
¼: cprop;bil: ð15Þ

This assumes that values calculated by the bilinear constraint given
in Eq. (4) with q = 0 are normally distributed. Here, we used q = 0,
because dividing by kAi~vkq=2 introduces many singularities [49].

4. Definition of methods estimating ego-motion by combining
optimization constraints and techniques

The optimization constraints from the previous Section 3 are
used to formulate linear and nonlinear optimization problems.
The linear problems are solved with a least squares technique
described in Section 4.1. The nonlinear problems use numerical
solvers. Methods reviewed in the Subsection 4.2 use fix-point

iteration and methods in the Subsection 4.3 use Gauss–Newton
iteration as a numerical solver. Finally, methods in the Subsection
4.4 use a Hough transform to estimate ego-motion. Fig. 4 shows
which optimization technique is used by which reviewed method.

4.1. Least Squares Optimization (LSQ)

4.1.1. The method of Rieger and Lawton [54]
This method uses spatial differences of motion vectors at loca-

tions of depth discontinuities to segregate visual motion from
translation and rotation (compare with Section 3 and [54]). For
the remaining translational part the least squares optimization

min
~v

Xm

i¼1

cfpar
i ð _~qi;~v ;q ¼ 0Þ

� �2

ð16Þ

is employed. Plugging the definition of cfpar
i ðqÞ from the Eq. (16) into

the optimization problem and calculating conditions for extrema
gives the eigenvalue problem

D~v ¼ 0; with D :¼
Xm

i¼1

wiðA?;i _~qT;iÞtðA?;i _~qT;iÞt : ð17Þ

An approximation of the (scaled) translational part of the model mo-
tion field is denoted by _~qT;i. The outer product in the Eq. (17) results
in a matrix and the sum is calculated for each component of that ma-
trix. A solution for the translational vector ~v is calculated as the
eigenvector corresponding to the smallest eigenvalue of the matrix
D. This smallest eigenvector determines the direction of least vari-
ance and, thus, the most likely translational ego-motion. Formally,
kðk~vÞ ¼ Dðk~vÞ determines ~v up to a scalar factor k. Thus, only the
direction of ~v can be calculated which reflects the invariance be-
tween translational speed and depth as discussed in the Section 2.

The method of Heeger and Jepson [25] This method integrates
m � 6 constraints cpar

k , indexed by k, where m is finite. All con-
straints are embedded into the least least-squares optimization
problem [30]

min
~v

Xm�6

k¼1

csub
k ð _~q;~vÞ: ð18Þ

Fig. 4. Typically methods from the literature use a certain optimization technique to solve linear or nonlinear optimization problems which incorporate optimization
constraints depicted in Fig. 3.

F. Raudies, H. Neumann / Computer Vision and Image Understanding 116 (2012) 606–633 611



Author's personal copy

Plugging in the definition of cpar
k from the Eq. (7) and calculating

conditions for extrema gives the eigenvalue problem

G~v ¼ 0; with G :¼
Xm�6

k¼1

Xm

i¼1

wiUk;ið _~qf ;i �~pf ;iÞ
Xm

i¼1

wiUk;ið _~qf ;i �~pf ;iÞt ;

ð19Þ
whereby _~qf ;i ¼ ð _xi; _yi; 0Þt and ~pf ;i ¼ ðxi; yi; f Þ

t as defined in Section 3.
Again the eigenvector corresponding to the smallest eigenvalue
determines the direction of the translational ego-motion. Once this
translational direction is known and using our assumption of unit
speed from Section 2 the known translational vector is denoted
by ~̂v . With this translational vector ^̂v the rotation ~x is calculated
using the bilinear constraint from the Eq. (4). This results in

~x ¼
Xm

i¼1
~at

i
~ai

� 	�1
~at

i|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
pseudo inverse

wiðAi~vÞt? _~qi|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
scalar

; with ~ai ¼ wiðAi~vÞt?Bi: ð20Þ

Heeger and Jepson’s method has three important properties. First,
due to the subspace construction only m � 6 of m constraints are
used. Six constraints are nonlinear in ~v and ~x and are excluded
from the formulation of the least squares optimization problem
[25]. However, using only m � 6 constraints is not critical if there
is a large number of flow vectors m forming linear independent
constraints. Second, the constraint coefficients Uk,i can be pre-
calculated for the image coordinates f~pigi¼1...m. Furthermore, these
coefficients are equal for each affine transformation of image coor-
dinates. Third, this method requires no iteration because ~v is opti-
mized within a subspace of linear constraints.

The method of Kanatani [31] The method of Kanatani uses the
differential epipolar constraint cepi,diff [31]. To achieve a linear opti-
mization problem Kanatani’s idea 3 is the introduction of auxiliary
variables organized in the 3 � 3 matrix K ¼ ð~xt~vÞI� 1

2 ð~x~v t þ~v~xtÞ.
The term I denotes a 3 � 3 identity matrix. A least squares optimiza-
tion problem with respect to these variables and the translational
part of ego-motion ~v is

min
~v;K

Xm

i¼1

cepi
i ð _~qi;~v ;KÞ: ð21Þ

This linear optimization problem can be solved by standard tech-
niques, see [31] for details. Details about the calculation of the rota-
tion component on the basis of known values for ~v and K are given
in Appendix C of Kanatani’s paper [31].

4.1.2. Method using a bilinear polynomial
The idea of this method is to ‘cover’ the nonlinearity of the

weighted bilinear constraint cbil(q = 0) with respect to ~v and ~x
by introducing auxiliary variables [53]. Note, that these variables
are different from the ones used in Kanatani’s method. To highlight
dependencies on ~v and ~x the weighted bilinear constraint is re-
written as

vx

vy

vz

0B@
1CA

t f _yq;i

�f _xq;i

yi _xq;i�xi _yq;i

0B@
1CA

|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼~ni

�
� f 2þy2

i

� �
xiyi fxi

xiyi � f 2þx2
i

� �
fyi

fxi fyi � x2
i þy2

i

� �
0B@

1CA
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

¼:Hi

xx

xy

xz

0B@
1CA

0BBBBBB@

1CCCCCCA¼0:

ð22Þ

Multiplication between components of the vectors ~v and ~x is sum-
marized in the vector ~k :¼ ðvx �xx;vx �xy;vx �xz;vy �xy;vy �xz;

vz �xzÞt . Each component of this vector defines an auxiliary vari-
able. The nonlinear part ~v tHi~x is described by ~kt~e with the vector
~ei :¼ � f 2 þ y2

i

� �
; xiyi; fxi;� f 2 þ x2

i

� �
; fyi;� x2

i þ y2
i

� �� �t 2 R6 using only

the linear independent components. With this definition the opti-
mization problem

min
~v ;~k

Xm

i¼1

wið~v t~ni þ~kt~eiÞ2 ð23Þ

for ~v and ~K is formulated. The calculation of partial derivatives and
equating them to zero results in nine equations. Plugging in the solu-
tion for the vector~k of auxiliary variables into the constraints calcu-
lated from ~v leads to the homogeneous linear system of equations

0 ¼ G~v with gr;s ¼
Xm

i¼1

cr;ics;i; ð24Þ

cl;i :¼ nl;i �
X6

r¼1

X6

s¼1

dr;ses;i

Xm

j¼1

er;jnj;l l ¼ 1;2;3 ^ i ¼ 1; . . . ;m; ð25Þ

D :¼
Xm

i¼1

~ei~et
i

 !�1

2 R6�6: ð26Þ

A solution for this system is calculated by solving an eigenvalue
problem for the Eq. (24) like in the previous paragraphs. Note, that
this optimization is non-iterative and has linear computational
complexity.

4.1.3. The method of Longuet-Higgins (Eight-Point Algorithm), [38]
This method uses the discrete epipolar constraint equation.

Here, point correspondences between ~pf ;iðtÞ and ~pf ;iðt þ DtÞ are
defined by

~pf ;iðtÞ¼
xiðtÞ
yiðtÞ

f

0B@
1CA�1

2

_xq;i

_yq;i

0

0B@
1CA; and~pf ;iðtþDtÞ¼

xiðtÞ
yiðtÞ

f

0B@
1CAþ1

2

_xq;i

_yq;i

0

0B@
1CA

using the given visual motion field _~q ¼ ð _xi; _yiÞ. Dependencies be-
tween the components of the essential matrix E and the data values
are written as a linear and homogeneous system of equations. Note,
that the essential matrix includes the shift and rotation parameters,
see also Section 3. A least squares solution for this system is given
by the eigenvector corresponding to the smallest eigenvalue. For
noisy data the matrix of this linear system of equations is pre-
conditioned by normalizing the input data in order to stabilize
the computation of the solution [21,11]. Cases in which the system
of equations becomes degenerate and ways to identify these cases
are described in Torr’s thesis [63, Chapter 4]. A method for the
calculation of the parameters ~s and ~h from the essential matrix E
is described in Hartley and Zisserman’s book [22, Chapter 9 on page
257]. In general the problem of estimating the translational direc-
tion and rotation matrix from point correspondences has four
solutions. For error-free point correspondences the correct solution
has a positive depth value for each point. However, for visual mo-
tion fields with noise the positive depth constraint is not always
fulfilled. To resolve the ambiguity, the rotational component is
estimated by using the bilinear constraint equation (see Eq. (29)).

4.2. Optimization with fix-point iteration (FP)

4.2.1. The method of Bruss and Horn [9]
This method employs two ‘decoupled’ optimizations [9]. These

two optimizations are embedded in a fix-point iteration schema
which iterates between estimates for rotation ~x and translation
~v . The iteration schema is illustrated in Fig. 5. The optimization
problem for the translational component reads

min
~v

Xm

i¼1

cbil
i ð _~qi;~v ; ~x;q ¼ 0Þ

� 	2
ð27Þ

and builds upon the bilinear constraint cbil
i . Extreme values for this

optimization in Eq. (27) are calculated by solving the linear and
homogeneous system of equations

3 Zhuang and colleagues used the same idea [70]. However, for coherence we refer
here to the paper of Kantani [31].
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C~v ¼ 0; with C :¼
Xm

i¼1

wiðA?;ið _~qi � Bi~xÞÞðA?;ið _~qi � Bi~xÞÞt : ð28Þ

This resulting system is solved as eigenvalue problem, see also
in the Subsection 4.1. For the unknown rotational velocities ~x
estimated thus far rotational ego-motion is plugged in. This

rotational part is estimated by the second optimization problem
which again employs the same problem formulation as given in
the Eq. (27), but optimizing with respect to the variable ~x in-
stead of the variable ~v . For this optimization problem condi-
tions for extrema lead to the linear and inhomogeneous
system of equations

Fig. 5. Flowchart for iterative optimization procedures. Note, that the step ‘‘calculate Z’’ is not applied when using constraints independent of the depth Z.
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M~x ¼~b; with M :¼
Xm

i¼1

wiðBiðAi~vÞ?ÞðBiðAi~vÞ?Þ
t and

~b :¼
Xm

i¼1

wi
_~qt
i ðAi~vÞ?Þ|fflfflfflfflfflffl{zfflfflfflfflfflffl}

scalar

BiðAi~vÞ?: ð29Þ

For non-pathological cases (e.g.~v ¼ 0 would be pathological) the in-
verse of the matrix M exists. In detail the condition number of M de-
pends on the size of the image plane. If the size of the image plane
decreases this condition number decreases as well.

The employed fix-point iteration method optimizes first the
rotation and, second, the translation. Note that there is no addi-
tional step optimizing for depth in the iteration schema, since
the method of Bruss and Horn directly employs the bilinear con-
straint which is independent of depth. The iteration stops if
changes of successive estimates fall below the threshold
gFP

T ¼ 5� 10�3 m/frame for the1-norm of the translational differ-
ence vector and gFP

R ¼ 10�4�/frame for the1-norm of the rotational
difference vector. The iteration also stops if a maximal number of
nFP = 500 iterations is reached. Fig. 6 shows the typical number of
iterations in test cases of the simulation described in Section 6.
This iterative procedure is run kFP = 15 times, each with different
initial translational values to avoid the detection of local extrema
[49]. The Table 1 lists all parameter values.

4.2.2. The method of Chiuso et al. [10]
In their method Chiuso et al. solve the optimization problem

[10]

min
~v

Xm

i¼1

csqd
i ð _~qi;~v ; ~x; ZiÞ: ð30Þ

This problem uses the squared distance constraint csqd. The calcula-
tion of conditions for extrema gives the linear and inhomogeneous
system of equations

L~v ¼~d with ~d :¼
Xm

i¼1

wi

Z
At

i ð _~qi � BixÞ and L :¼
Xm

i¼1

wi

Z2 At
i Ai:

ð31Þ

For regular surfaces, this excludes cases of Zi ? ±0 and Zi ? ±1,
such that the matrix L is invertible and well conditioned. The rota-
tion ~x is estimated in the same way as in the method of Bruss and
Horn (see the previous paragraph). The depth Zi is estimated by
using the constraint csqd and optimizing over depth. Note that this
optimization for depth is sensitive to noise, because only two con-
straints are used to calculate a depth value. In contrast, the optimi-
zation of translation or rotation usually uses m constraints.

The fix-point iteration scheme for this method includes the fol-
lowing three steps: computation of rotation, the depth, and finally

(A) Gaussian noise σ=0.0268 focal lengths (C) Gaussian noise

(B) outlier noise ρ=5% (D) outlier noise
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Fig. 6. Evaluation of iteration numbers. The mean values are calculated for 5000 trials and 15 initial value conditions used for the simulation in the Section 6. The standard
deviations are calculated as the variance between iterations for 15 initial value conditions and the mean is calculated for the 5000 trials. In (A,a,b) and (B,a,b) the number of
data points varies and the given visual motion field is manipulated by Gaussian. As the number of data points m increases the number of mean iterations slightly decreases.
For graphs in (C,a,b) and (D,a,b) the outlier noise model is employed. All reviewed methods are included in the graphs, although not all methods use an iterative optimization
technique. Subsequently, some methods have a number of zero iterations.
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the translation. This order of computation is also reflected in the
flowchart in the Fig. 5.

4.2.3. Method of combined optimization
Unlike to the previous methods, this method combines the

optimization for translation and rotation in a single step. If we
assume that depth values are estimated or given for the model
visual motion field, Eq. (1) can be written in matrix-vector notation
as [69]

Xm

i¼1

wi
1
Zi

Ai~v � Bi~x
� �

¼
Xm

i¼1

wi
_~qi: ð32Þ

The matrix contains the image coordinates xi and yi and depth val-
ues Zi. The vector on the left-hand side of the equation includes the
variables~v and ~x and the vector on the right-hand side includes the
components of the given visual motion field _~qi. Based on this ma-
trix-vector format the ego-motion is calculated solving a least-
squares problem for Eq. (32).

4.3. Optimization with Gauss–Newton iteration (GN)

4.3.1. The Method of Zhang and Tomasi [68]
Zhang and Tomasi propose using the optimization technique of

Gauss–Newton iteration to optimize for translation. During itera-
tions the translation is updated by D~v :¼ ~v ðkþ1Þ �~v ðkÞ, whereby k
indexes the iteration. By using the formula of Gauss–Newton, the
update D~v is expressed as

@

@~v
csqd

i

� �
D~v þ cbil

i ðqÞj~v¼~vðkÞ ¼ 0 8i ¼ 1 � � �m: ð33Þ

The partial derivatives in this formulation are evaluated at the point
~v ðkÞ. Plugging in the definition for these constraints csqd and cbil re-
sults in

wi
_~qi �

1
Zi

AiD~v � Bi~x
� �t

ðAi~v ðkÞÞ? � kAi~v ðkÞk�q ¼ 0 8i ¼ 1 � � �m:

ð34Þ

The condition k~vk ¼ 1 gives the additional constraint ð~v ðkÞÞtD~v ¼ 0.
Both constraints are combined in a Lagrangian functional which is
solved by applying standard techniques. In each iteration k the
translation ~v ðkÞ is updated by adding D~v . Convergence is reached
if kD~vk < gGN

D~v . In the implementation we set gGN
DT ¼ 10�7 m/frame.

The Table 1 lists all parameter values. Iterations consists of: calcu-
lating rotation, depth, and translation. Note that only for the trans-
lational part the Gauss–Newton updates are calculated [67].

The Method of Pauwels and Van Hulle [49] In the method of
Zhang and Tomasi the un-weighted bilinear constraint is utilized
(q = 1). Using the bilinear constraint with q – 1 introduces a statis-
tical bias [68,49]. On the other hand, the un-weighted bilinear con-
straint adds singular points to the functional being optimized, due
to the division by the term kAi~vk. These two arguments motivate
the adaptive computation of the parameter q [49]. The parameter
q is initialized by a value of zero and gradually increased to a value
of one. Thus, optimization starts with a biased, but simple version
of the bilinear objective function, and ends with an unbiased for-
mulation and a complex objective function which contains singu-
larities. Our implementation of the adaptive computation of q is
the same as described by Pauwels and Van Hulle [49]. Note, that
the Gauss–Newton iteration can be used in combination with the

Table 1
Listing of the parameter values of the optimization techniques used by methods for the estimation of ego-motion. (i) For the
methods ‘bilinear polynomial’, ‘Bruss & Horn’, ‘Chiuso et al.’ ‘combined discrete’, ‘Pauwels & Van Hull’, and ‘Zhang & Tomasi’ the
first value is used for ‘Kanatani’ the second value.

Identifier Value Description

Fix point iteration (FP), Section 4.2
kFP 15 Number of initial values
nFP 500 Maximum number of iterations
gFP

T
5 � 10�3 m/frame Threshold value for translation

gFP
R

10�4 �/frame Threshold value for rotation

Gauss Newton iteration (GN), Section 4.3
kGN 15 Number of initial values
nGN 500 Maximum number of iterations
gGN

D~v
10�7 m/frame Threshold value for translational update

Sampling of ego-motion and depth space, Section 4.4
/2 {360 � 1/7, . . . , 360 � 6/7} (�) Polar angles of translational direction
r2 {2�4, 2�3, . . . , 22} (focal length) Radial deflection of translational direction
xx, xy, xz2 {±10, ±5, 0} (deg/frame) Pitch, yaw and roll rotation velocity
Z2 {21, 22, . . . , 25} (m) Sampling of depth

Hierarchical grid (HG), Section 4.5
sHG

T
7 Number of subdomains for translation

sHG
R

5 Number of subdomains for rotation

gHG
l

1 Overlap of succeeding subdomains

nHG 10 Number of steps

m-function, Section 7.1
nW 50 Maximum number of iterations
gW 10�4 Threshold value for weights
p1 10�6/10�3 (i) Parameter of m-function
p2 0/10�4 (i) Parameter of m-function

Random sample consensus (RANSAC), Section 7.2
kRANSAC 9 Number of initial data points
nRANSAC 100 Number of retrials
gRANSAC

T
10�3 Translational threshold value to identify compatible models

gRANSAC
R

10�3 Rotational threshold value

tRANSAC 1/3 Fraction of all data points to calculate a stable model
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squared distance constraint as well as it can be used in combina-
tion with the bilinear constraint.

4.4. Solution with Hough Transform (HT)

Parameter Space for Translation, Rotation, and Depth Probabilistic
methods estimate the most likely ego-motion for a given visual
motion field according to their defined likelihood function. For an
efficient sampling of the parameter space possible ego-motions
are restricted to those plausible for human observers. Typically hu-
man walking speed is approximately one meter per second and the
interval of perceived depths for this speed value starts at approxi-
mately 2 m and ends at 32 m [51]. This interval of depths is expo-
nentially sampled due to the reciprocal dependency between
depth and the length of vectors of the translational visual motion
field (compare with the Eq. (1)). The values of this sampling of
depths are 2, 4, 8, 16, 32 m. Translational directions are restricted
to the frontal half of the sphere which is adjusted to the line of
sight. The central region of the visual field is sampled more densely
with translational directions than the periphery [65]. In detail, se-
ven axial values / in the interval of 0� to 360� are uniformly sam-
pled and seven radial values r in the interval of 2�4 to 22 are
exponentially sampled. To calculate translational directions a fixed
focal length of one is used. Thus, this sampling covers a visual field
ranging from 1.79� to 63.43�. In total 7 � 7 = 49 values are used
which regularly sample a polar area within a range of 1.79� to
64.43� in the radial domain and 0� to 360� in the directional
domain. Not all possible translational directions are explicitly
represented; however, values which are not explicitly encoded
can be interpolated. During ordinary locomotion rotation rates of

a human observer are limited within ±10�/frame. In our implemen-
tation intervals for rotations around each axis are sampled by the
speeds �10, �5, 0, +5, +10�/frame. A summary of all parameter val-
ues is given in the Table 1.

4.4.1. The template method of Perrone and Stone [50,51]
Template methods build upon two main ideas: first, the explicit

evaluation of an objective function and, second, both the function
and its evaluation are specified by neural circuits [50,51]. The pro-
cessing stages of Perrone and Stone’s template model are moti-
vated by the function of mammalian brain areas middle temporal
(MT) and medial superior temporal (MST) [32, Chapter 28]. Area
MT has neurons which are sensitive to visual motions of different
direction and speed [55]. Model area MT mimics neuron’s sensitiv-
ity by using a population encoding for single vectors of the overall
visual motion field. This encoding consists of model neurons which
are maximally active for a specific motion vector and their activity
gradually decreases if input vectors become different. Area MST
encodes the information about large regions of the entire visual
motion fields typically generated by ego-motion [60,20,14]. This
selectivity is generated by integrating over large regions of visual
space. In our model area MST integrates activity of model MT neu-
rons over the entire visual field.

The population of model MT neurons employs a tuning function
for motion speed and motion direction. Both tunings together form
the function Ptune. For a tuning function for motion directions we
use a rectified cosine function [36], whereas Perrone used a
Gaussian tuning function [50]. This rectified cosine tuning function
operates on the angular difference between vectors of the given
visual motion field and vectors of the model motion field which
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Fig. 7. Example for the estimation of ego-motion with the template method of Perrone and Stone. (a) Shows a visual motion field for a quadratic floor with a size of 2 � 2 m
and a back-plane at the distance of 10 m. The estimated ego-motion (symbol plus) matches with the ground-truth ego-motion (symbol circle) specified by the vector of
translational velocities ~v ¼ ð0:1512;0:1897; 0:9701Þm/frame and the vector of rotational velocities ~x ¼ ð0:0;�5:0;þ10:0Þ�/frame. (b) Shows a slice through the 5D space of
responses for the maximal responding rotation and varying translational directions. (c) Shows the response profile for a slice with maximal estimated translation, a rotation
component of xz = 10�/frame (roll), and varying rotation components xx (pitch) and xy (yaw). (d) Depth values are discretely sampled within the range from 2 m to 32 m
(white to black in the color code). Due to the discrete sampling estimated depths do not match exactly the ground-truth values. But the sample value closest to the ground-
truth is estimated. Values of depth are estimated by selecting the depth which results in a maximal response for all possible depths and ego-motions. (e) Shows the profile of
responses for a slice through the 5D parameter space by selecting the maximal estimated translational and rotational component xy = �5.0�/frame. (f) In this display values
for the rotation component xx = 0.0 degree per frame and translation components are selected. To enhance visibility all responses are shown as complementary value with
respect to one.
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corresponds to a specific ego-motion. For speed differences a
Gaussian tuning function is used, the same function as suggested
by Perrone [50]. The input to this function is the speed difference
from vectors of the given visual motion field and the model visual
motion field for a specific ego-motion. In sum, model area MT com-
pares two visual motion fields by means of tuning functions ap-
plied to angular and speed differences of individual vectors.

The model area MST has a population of neurons selective for
visual motion fields generated by ego-motions. To construct this
selectivity model area MST evaluates the tuning function Ptune at
different spatial locations in the visual field to calculate the
response

fmapð~vk; ~xlÞ :¼ 1
m

Xm

i¼1

max
Zj

Ptuneð _~qij~Ui;k;l;jÞ j ¼ 1 � � � d ð35Þ

for an ego-motion defined by ~vk and ~xl. This pooling includes two
simple mechanisms, namely, the max- and sum-operation. First,
the maximum of responses for different depths Zj is calculated,
whereby j indexes the d different depth values (d = 5). Second, these
maximum values are summed over spatial locations indexed by i.
The solution is calculated by selecting the argument corresponding
to the maximum value of all tested ego-motions

ð~̂v; ~̂xÞML ¼ arg max
~vk ;~xl

fmapð~vk; ~xlÞ: ð36Þ

This value could be interpreted as the maximum likelihood utilizing
a simple read-out strategy.4 In general the response map can be
interpreted as a population code and more advanced read-out strat-
egies for such codes exist [12]. Fig. 7 shows slices through the 5D
space as the response function is evaluated for dimensions of trans-
lation and rotation parameters. The parameter values are described
in the Table 1.

4.4.2. Template method with bilinear tuning function
As described by Perrone and Stone [51], their method requires a

large number of template vectors - in our configuration the 6D
parameter space is sampled by 100 � 5 � (10 � 10) � (5 � 5 � 5) = 6.25
� 106 values. For this reason none of Perrone and Stone’s articles
used the full 6D space of depths and ego-motions. Perrone and
Stone used a separate voting for rotation and translation [50] or
a combined voting for fixating ego-motions with a zero-roll com-
ponent [51]. Here, we reduce the number of dimensions by incor-
porating the bilinear constraint from the Eq. (4) to calculate the
maximum likelihood estimate

ð~̂v; ~̂xÞML ¼ arg max
~v ;~x

�
Xm

i¼1

logðPbilð _~qij~v ; ~xÞÞ
( )

: ð37Þ

Note that this distribution function is based on the assumption that
deviations from the bilinear constraint are normally distributed.

4.4.3. The neural network of Lappe and Rauschecker [36]
Lappe and Rauschecker introduced another strategy to reduce

the dimensions of the parameter space [36]. They follow an idea
to eliminate dependency on rotation and depth which had been
employed in a variant of one of Heeger and Jepson’s subspace
methods [24]. By optimizing within this subspace the 6D parame-
ter space used in Perrone and Stone’s method is reduced to two
dimensions that encode translational directions.

The two-layer neural network of Lappe and Rauschecker con-
tains an input layer of neurons encoding motion speed and
direction. In the output layer neurons are selective for directions
of translational ego-motion. Input and output layer are connected

by synaptic weights defined by the mathematical subspace
construction introduced by Heeger and Jepson (see also the Section
3). In our implementation we excluded the construction of a pop-
ulation encoding for visual motion vectors. Instead we directly
work with a vector representation. Simulation time was manage-
able using this vector representation.

Formally the method of Lappe and Rauschecker is defined with-
in the category of probabilistic constraints from the Section 3. This
method assumes differences between a given visual motion field
and a model visual motion field and this difference is measured
within the constructed subspace and is assumed to be normally
distributed. Using the subspace constraint from the Eq. (7) the
probability distribution function is

Ppar;jð _~qij~vÞ / expð�ðcpar;jÞ2=ð2 � r2ÞÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼:cprop;par

; j ¼ 1 � � �m� 6: ð38Þ

The maximum likelihood estimate

ð~̂vÞML ¼ arg max
~vk

�
Xm�6

j¼1

logðPpar;jð _~qij~vkÞÞ
( )

; ð39Þ

integrates all m � 6 constraints by assuming that they are
independent.

4.5. Optimization with a hierarchical grid (HG)

Hierarchical grids are used to accelerate the search in parameter
spaces with many dimensions. Here, a hierarchical grid is used in a
similar way as the adaptive Hough transform proposed by Tian and
Shah [61]. An optimization using this hierarchical grid assumes
first that the function f being optimized is smooth, and, second,
that each dimension of the parameter space is bounded. In general
the formalism of this hierarchical grid method is described for
functions f : Rn ! R. Without loss of generality we now refer to
the 1D case. A single dimension is divided into s intervals and
the function f is evaluated at the center of these intervals. In the
next iteration only the interval which previously contained the ex-
trema is further considered. The length of each interval in iteration
i is determined by

lsðiÞ ¼
gHG

l

s � i þ
1
si

� �
lsð0Þ; with i > 0: ð40Þ

In this formulation the length of a subsequent interval ls(i + 1) is not
fully restricted to the partition of the previous interval ls(i)/s. In-
stead boundaries can overlap by a factor gHG

l > 0. In contrast, ordin-
ary grid methods work with no overlap gHG

l ¼ 0. The value of gHG
l

depends on the characteristics, e.g. smoothness, of the function f.
Do the introduced probability functions for the method of Per-

rone and Stone, Lappe and Rauschecker, and bilinear tuning, fit the
requirements to apply a hierarchical grid method? For the tem-
plate method of Perrone and Stone the tuning function is defined
as the product of a rectified cosine and Gaussian. For each spatial
location and depth value the tuning function is evaluated. Then
the maximum for depths and sum over locations is computed
which in most cases results in a smooth surface for different types
of ego-motions, see also Fig. 7. The bilinear tuning method uses a
linear sum of Gaussian functions which is by definition smooth.
The neural network of Lappe and Rauschecker use the subspace
constraint in a Gaussian tuning function and sums those Gaussian
tunings in order to achieve a probability density function. Due to
this construction the function is smooth. Thus, the required
smoothness to apply a HG is satisfied. The second assumption, that
of a bounded parameter space, is fulfilled because only biologically
plausible parameters for ego-motion and scenic depth are tested.
In our implementation parameters are set to sT = 7 for the dimen-

4 Read-out means that the activity map or technically the error surface has to be
interpreted or evaluated.

F. Raudies, H. Neumann / Computer Vision and Image Understanding 116 (2012) 606–633 617



Author's personal copy

sion of translation, sR = 5 for the dimension of rotation, and gHG
l ¼ 1.

A maximum number of 10 iterations is used. No grid is applied for
the depth domain.

5. Test data and evaluation methodology

5.1. Specification of camera and scene

A virtual camera with an image plane 10 � 10 mm in size is em-
ployed. For this image plane 100 data points are generated on a
regular grid. The focal length of the camera is specified by 30� ver-
tical field of view and as the image plane is squared the horizontal
field of view is 30� as well. The scene is defined by a random dot
cloud, whereby the depth component of dots is uniformly distrib-
uted from 2 m to 10 m.

5.2. Types of ego-motion

In our simulations we either assume fixating or curve-linear
ego-motion. We define ego-motion while fixating as translational
vectors whose endpoints are uniformly distributed on the frontal
part of the hemisphere within a range of ±40�. The corresponding
rotational vectors are computed using the fixation constraint
[51,35]. In order to fixate a point (0,0,F) during ego-motion it is
kept stationary by compensating translation by a rotation. This
rotation is computed by xx = 1/F � vy and xy = �1/F � vx. A roll com-
ponent is not necessary to fixate and, thus, assigned a zero value
(xz = 0). This constraint of fixation reflects typical behavior of hu-
mans during locomotion: to fixate points at an appropriate dis-
tance while walking. In our simulations this distance is set to
F = 6 m, which is in the center of the random dot cloud.

Autonomous vehicles and robots move differently than humans.
Simple robots can turn to the left and the right (yaw) while looking
in the direction they move [3]. This gives two degrees of freedom:
translational speed along the optical axis and rotation around the
vertical axis. In the simulation translational speeds along the line
of sight vz are set to 1 meter per frame. The rotational velocities
xy range within ±10�/frame. All other components are set to zero.

The analytical visual motion field is computed for the 3D points
~P ¼ ðX;Y; ZÞt using the information about the focal length f, the
ego-motion ð~v ; ~xÞ, and Longuet-Higgins and Prazdny’s model from
the Eq. (1). In all simulations of the Section 6 and the Section 8 the
differential motion model is used. This computed visual motion
field can be interpreted as describing the displacement of image
content that occurs between two frames of an image sequence.
In different scenarios of simulations the scene parameters change.
An overview of parameter values is given in the Table 2.

5.3. Noise models for errors of estimating motion fields

Two models are used to characterize errors that occur in visual
motion fields estimated from optic flow fields. The first model is a

Gaussian noise model. For this model independent and zero-mean
Gaussian noise is added to each component of the visual motion
field. The standard deviation r of this Gaussian noise varies be-
tween 0 and 53.590 � 10�3 measured in focal lengths. This corre-
sponds to values of 0% and 10% of the height of the image screen
(r ¼ 0:1�ð0:005�ð0:005ÞÞ

f with f ¼ ð0:005�ð�0:005ÞÞ=2
tanð30=2=180pÞ ).

The second model is an outlier noise model. This model replaces
the percentage q of all vectors in the visual motion field by ‘noisy
vectors’. The components of such a ‘noisy vector’ are drawn from a
uniform distribution ranging from minus to plus the mean length
of all flow vectors. Note that the range of the uniform noise distri-
bution depends on the length of the flow vectors in a similar way
than suggested by Heeger5 [23]. In our simulations q varies between
0% and 50%.

Fig. 8 shows the properties of the Gaussian and outlier noise
model. In Fig. 8a) an analytically computed visual motion field is
shown which occurs if approaching a wall 10 m away, orthogonal
to the line of sight, and the observer moves straight ahead with a
speed of 1 meter per frame. This ego-motion induces a radial
expanding flow field. The Fig. 8b shows the influence of Gaussian
noise on the analytical motion field from (a). All vectors of the mo-
tion field are influenced by Gaussian noise, but the smallest ones
change the most. In Fig. 8c the effect of outlier noise is visualized.
Only the percentage q of all motion vectors is changed. Changed
motion vectors can be identified by their color and black arrow
compared to the surrounding vectors.

5.4. Error measures

For all simulations the mean angular error is reported. This er-
ror is defined as

f ¼ 1
ntrials

Xntrials

k¼1

arccos
~̂v t

k
~vk

k~̂vkkk~vkk

 !
; ð41Þ

the angular difference between the ground-truth translation ~v and
the estimated translation ~̂v . The rotational error is calculated using
a description with rotation axis~r and rotation angle /.6 According to
this definition the rotational error is defined as

mr ¼
1

ntrials

Xntrials

k¼1

arccos
~̂xt

k
~xk

k~̂xkkk~xkk

 !
and mphi

¼ 1
ntrials

Xntrials

k¼1

kx̂�xk: ð42Þ

Table 2
Parameter values for the scene, ego-motion, and model of noise which are chosen in the different scenarios. All configurations use the random dot cloud with the specified depth
range and number of data points. The parameters for fixating ego-motion, curve-linear ego-motion, and models of noise are explained in the Section 5.

Subsection Scene Ego-motion Noise

No Title Data points Depth range (m) Gaussian r (f) Outlier q (%)

Section 6.1 Statistical bias and bias reduction 100 2 � � � 10 Fixating 0 � � � 53.590 � 10�3 0 � � � 50
Section 6.2 Varying the number of data points 10 � � � 300 2 � � � 10 Fixating 26.795 � 10�3 25
Section 6.3 Varying the range of depths 100 10 � � � 10–2 � � � 18 Fixating 26.795 � 10�3 25
Section 6.4 Varying Gaussian noise and outlier noise 100 2 � � � 10 fixating 0 � � � 53.590 � 10�3 0 � � � 50
Section 6.5 Varying the type of ego-motion 100 2 � � � 10 Curve-linear 0 � � � 53.590 � 10�3 0 � � � 50
Section 6.6 Fusion of visual image motion and depth information 100 2 � � � 10 Fixating 0 � � � 53.590 � 10�3 0 � � � 50
Section 8 Simulation results for the robust estimation of ego-motion 100 2 � � � 10 Fixating – 0 � � � 50

5 Heeger defined additive Gaussian with a zero mean value and a standard
deviation varying over visual space. This variance is defined by different sources of
error: improper model for motion estimation, motion transparency, occlusions/
disocclusion, aperture problem, no structure in the image.

6 The representation of an rotation by Euler angles is not unique. Rotation matrices
exist which do have more than one representation in Euler angles.
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Thus, the angular difference mr between the ground-truth rotational
axis ~̂r and the estimated rotational axis~r is computed. In addition,
mphi is computed as the absolute difference between rotation rates
around these two axes. A standard deviation measure for these
translational and rotational error measures has the same character-
istic curves as the mean of errors. Therefore error graphs show only
mean values and do not report standard deviations. All simulations
of the next Section 6 use a number of ntrials = 5000 trials.

6. Simulation results for the estimation of ego-motion

All simulations of this section use a random dot cloud as scenic
content. In detail simulations focus on statistical biases, consis-
tency, variability of depth, and robustness of the methods with re-
spect to the two defined noise models.

6.1. Statistical bias and bias reduction

Many of the reviewed methods contain a statistical bias
[25,31,41,49]. To calculate this statistical bias we define a noisy vi-
sual motion field by _~qn :¼ _~qþ ðnx;nyÞt with the components nx and
ny 2Nðl ¼ 0;rÞ normally distributed. This models isotropic noise.
A statistical bias is computed by studying the expected value h�i of
the scatter matrix eC. This scatter matrix is defined by plugging the
noisy visual motion field _~qn into the bilinear constraint cbil(q = 0).
For the constraints cfpar and cpar the deviation is similar. Plugging
in the noisy visual motion field gives heCi ¼ hCi þ r2N with the
matrix

N ¼
f 0 �f hxii
0 f �f hyii

�f hxii �f hyii h x2
i þ y2

i

� �
i

0B@
1CA ð43Þ

and using the properties hnxi = hnyi = 0 and hn2
x i ¼ hn2

yi ¼ r2. This
scatter matrix heCi is composed of the original values hCi plus the
bias term r2N. Several techniques have been proposed to eliminate
this statistical bias term. Kanatani suggested a method of re-nor-
malization which estimates the standard deviation r of the noise
and subtracts the bias term r2N from the scatter matrix heCi [31].
Heeger and Jepson defined a roughly isotropic covariance matrix
based on dithered constraint vectors. MacLean used a transforma-
tion of constraints into a space where the influence by noise is iso-
tropic [41]. Here, we use the last approach, that of MacLean, due to
its computational efficiency. The Eq. (24) with a noisy visual image
field is solved by computing the eigenvector corresponding to the
smallest eigenvalue of the matrix eC. Pre-whitening by N�

1
2 of the

scatter matrix eC gives �C :¼ N�
1
2eCN�

1
2. For this pre-whitened scatter

matrix the influence by noise is isotropic, namely it is r2I, where I

denotes a 3 � 3 unity matrix. The newly defined eigenvalue prob-
lem �C~xe ¼ ðkþ r2Þ~xe preserves the order of eigenvalues k. The corre-
sponding eigenvectors are N�

1
2~xe with reference to the original

eigenvalue problem C~xe ¼ k~xe. The unbiased solution is given by
the eigenvector N�

1
2 corresponding to the smallest eigenvalue.

The parameters of the random dot cloud, fixating ego-motions,
the Gaussian and outlier noise model for this simulation are spec-
ified in the Table 2. The technique of bias reduction has been ap-
plied to the methods listed in the legend of Fig. 9. An decrease in
error by a reduction of a statistical bias can be seen in Fig. 9A for
Gaussian noise and in Fig. 9B for outlier noise. Curves within each
subfigure report the mean error for ntrials = 5000 trials, in either
translational angle f within each subfigure (a), or rotational angle
mr within each subfigure (b), or rotational speed difference mphi

within each subfigure (c). The error curves for methods without
bias reduction have a concave shape (dash dotted lines). For Gauss-
ian noise this shape becomes convex (full lines), if the described
method of bias reduction is applied, see Fig. 9A. In the difference
of outlier noise the shape changes into a straight line, see Fig. 9B.
In nearly all cases (excluding the method of Rieger and Lawton)
the method of bias reduction helps to decrease the estimation error
approximately by a factor two for the studied range of noise values
and definition of error measures. The error curve for rotational
speeds depicted in subpanel (c) of Fig. 9A has a different shape.
Curves for the simulation of the two cases, biased and bias reduced,
intersect approximately at the standard deviation of r = 0.03 focal
lengths. In sum, bias reduction helps to reduce the estimation er-
rors for most methods, most parametrization of noise, and types
of noise.

6.2. Varying the number of data points

The definition of consistency for an estimation method was
introduced by Zhang and Tomasi [68]. Informally, an estimation
method is consistent for a model of noise, if the estimation error
decreases as a function of data points. Unlike to the theoretical
work of Zhang and Tomasi, we study consistency by simulating
Gaussian noise and outlier noise. For the simulation the number of
data points varies between 10 and 300. All parameter values of this
simulation are listed in the Table 2.

In Fig. 10 errors for the ego-motion estimation for the different
methods are reported. The definition of error is the same as in the
previous figure. The error curves of the methods ‘bilinear tuning’,
‘Chiuso et al.’, and ‘combined discrete’ are not decreasing as a func-
tion of data points. Thus, these methods are not consistent accord-
ing to the above definition. Theoretically, every method which is
directly based upon the unweighted bilinear optimization con-
straint cbil(q = 0) is not consistent. This explains why the methods

(a) input flow (b) Gaussian noise (c) outlier noise

Fig. 8. Qualitative characteristic of noise models. (a) Shows the analytical visual motion field as it occurs if approaching a wall by moving straight ahead. (b) Shows the visual
motion field from (a) which is affected by Gaussian noise (r = 5.590 � 10�1%). (c) The outlier noise model (q = 25%) has been applied to the visual motion field from (a).
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‘bilinear tuning’ and ‘combined discrete’ are not consistent. Fur-
thermore, it explains why the methods ‘bilinear polynomial’, ‘Bruss
and Horn’, ‘Heeger and Jepson’, and ‘Rieger and Lawton’ are only
consistent after applying a technique for bias reduction. This ac-
counts as well for the method ‘Kanatani’ as the deviation of this
method starts with a nonconsistent constraint. Chiuso et al. re-
ported their method as asymptotically unbiased which might ex-
plain their method showing non consistent errors.

A statistical prior for ego-motion is defined as a pure forwards
locomotion inspired by the motion performed most times for many
species and robots. This type of motion resembles a straight path
which could be followed if no information is available. However,
in simulations most instances of ego-motion tested deviate from
this prior and, thus, there is a deflection between the prior ego-mo-
tion and the tested ego-motion. Ego-motion estimates of methods
are more accurate than the prior ego-motion for Gaussian noise of
r = 0.03 focal lengths or outlier noise of q = 25% and more than
approximately 20 data points. In this range all fully drawn lines
are below the dashed line in Fig. 10.

6.3. Varying the range of depths

The range of depths is critical for the estimation of ego-motion.
A correspondence between the robustness of the estimate and the

range of depths can be inferred by taking a closer look at the Eq.
(1). The translational and rotational components linearly superim-
pose, whereby only the translational component depends on
depth. In order to separate the translational from the rotational
component it is helpful to have a variety of depths not being part
of a critical surface. These critical surfaces have been described
as points laying on hyperboloids of one sheet and their degenerate
forms [28,66]. A simulation is performed in order to quantify the
correspondence between the robustness of the solution and the
range of depths. This simulation uses a point cloud with a varying
range of depths between 0 m and 16 m. For a range of depths of
0 m all points are on a flat wall in a distance of 8 m and this wall
is orthogonal to the line of sight. All different volumes given by
the varying range of depths are sampled by a constant number of
100 points. In all cases a mean depth value of 10 m is maintained.
In comparison, other simulations use a depth range of 8 m and a
mean depth of 6 m. A listing of all parameter values is given in
Table 2.

Fig. 11 shows the simulation results in terms of angular differ-
ence of translation (panels (a)) and rotation (panels (b)) as well as
speed difference of rotation (panels (c)). Note that Fig. 11 uses an
increased interval to report errors compared to other figures. The
methods ‘Pauwels and Van Hulle’ and ‘Zhang and Tomasi’ have
the same error curves for Gaussian noise and outlier noise. Further-
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Fig. 9. For most cases pre-whitening reduces a statistical bias and, thus, the estimation error (curves in dash dotted lines) is smaller compared to the methods without bias
reduction (curves in solid lines). Simulation results for Gaussian noise are shown in part (A) and those relating to outlier noise are shown in part (B). The mean values are
calculated for 5000 different fixating ego-motions, instances of noisy visual motion fields, and randomized point clouds.
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more, their error is only slightly decreasing if the depth range is ex-
tended. The same applies for the algorithms ‘Chiuso et al.’, ‘com-
bined discrete’, and ‘bilinear tuning’. However, for the rotational
error shown in Fig. 11(A and b) and (B and b), respectively, the dif-
ference is larger compared to the translational error depicted in
Fig. 11 (A and a) and (B and a). Interestingly, the method ‘Longu-
et-Higgins’ rapidly decreases in all errors for Gaussian and outlier
noise at a depth range larger than 600 focal lengths. The remaining
methods ‘bilinear polynomial’, ‘Bruss and Horn’, ‘Heeger and Jep-
son’, ‘Kanatani’, ‘Lappe and Rauschecker’, and ‘Rieger and Lawton’
decrease in error earlier around a depth range of 400 focal lengths.
For all methods the translational error is decreasing for an increas-
ing range of depths, see Fig. 11(A and a) and (B and a).

6.4. Varying Gaussian noise and outlier noise

This simulation varies the Gaussian noise and outlier noise by
changing the parameters r and q. The parameter r varies between
0 and 0.0536 focal lengths. A value of 0.0536 corresponds to 10% of
the image height, is computed as 0.1 � 2 � tan(30/180 � p/2), and is
invariant with respect to the absolute size of the image plane
and its resolution in pixels. The parameter q varies between 0%
and 50%. In the latter case half of all data points are replaced by
‘noisy vectors’. All parameters of this simulation are listed in
Table 2.

Fig. 12 shows the simulation results in terms of errors for trans-
lational direction in panels (a), rotational direction in panels (b),
and rotational speed difference in panels (c). Methods which have
no bias reduction and are not consistent and have convexly shaped
error curves. Namely these are the methods ‘bilinear tuning’, ‘com-
bined discrete’, and ‘Chiuso et al.’ This prototypical error curve is
present for both types of noise, see Fig. 12A in all subpanels, as well
as Fig. 12B in all subpanels. Note that for each of the methods
‘bilinear polynomial’, ‘Bruss and Horn’, ‘Heeger and Jepson’,
‘Kanatani’, and ‘Rieger and Lawton’ the technique of pre-whitening
for bias reduction has been applied, see also the Section 6.1.

In the noise-free condition – which is the same as in Fig. 12A
and B – the methods ‘Lappe and Rauschecker’, ‘Longuet-Higgins’,
and ‘Rieger and Lawton’ have errors of approximately 6�, 1�, and
3�, respectively. For the method ‘Longuet-Higgins’ this error origi-
nates by a mismatch of viewpoints in time. The visual motion field
is generated differentially, namely by Eq. (1), whereas the method
uses a discrete viewpoint on time, namely by Eq. (2). For the meth-
od of ‘Lappe and Rauschecker’ we used a finite sampling of trans-
lational directions. Thus, the error can be interpreted as
quantization error. In case of the method of ‘Rieger and Lawton’
we used an approximation to calculate the first order derivative
of the visual motion field. Furthermore, we heuristically detected
depth discontinuities by applying a threshold to the length of dif-
ference vectors in order to detect depth discontinuities. Finally, the
cancelation of the rotational motion component only occurs if vec-
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Fig. 10. The estimation error for consistent methods decreases for an increasing number of data points given that all data points are noisy. Gaussian noise (A) (r = 0.0268 focal
lengths) and outlier noise (B) (q = 25%) are used for this simulation. Most of the tested methods are consistent. Mean values for errors are calculated for 5000 trials. On top of
the figure is a legend that shows the methods employed in this simulation in bold face.
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tor differences are computed for two measurements at the same
visual location which would be the case for transparent motion.
However, the simulation contains only non-transparent motion
and, thus, we relaxed this constraint by using neighboring vectors.
These three reasons can explain why even in the optimal case of no
noise the method of ‘Rieger and Lawton’ has an error of approxi-
mately 3�.

The results of this simulation with noise can be summarized as:
first, for methods with bias reduction a roughly linear relationship
exists between translational and rotational errors and the parame-
ter of the employed noise and, second, the three methods ‘Lappe
and Rauschecker’, ‘Longuet-Higgins’, and ‘Rieger and Lawton’ build
upon different assumptions or approximations and, therefore, they
do not have a zero valued error when data is noise-free.

6.5. Varying the type of ego-motion

So far, all simulations assumed ego-motion while fixating. In
contrast, this simulation uses curve-linear motion a translation
along the line of sight and variable yaw rotational velocities, here
in the interval of ±10�/frame. All other parameters are the same
as in the simulation of the previous Subsection 6.4 and are listed
in the Table 2.

Fig. 13 shows the estimation errors of this simulation with
curve-linear path motions for varying amounts of Gaussian noise
(A) and outlier noise (B). Fig. 13 can be directly compared to
Fig. 12 as only the type of ego-motion has changed. Recall that
for fixating motion two different categories of error curves have
been identified, both for Gaussian and outlier noise (see also the
Subsection 6.4)). For curve-linear motion the characteristics of
the error is different. The methods ‘bilinear tuning’, ‘combined dis-
crete’, ‘Pauwels and Van Hulle’, and ‘Zhang and Tomasi’ have a
small error. For instance, the translational error is below 3� for
Gaussian noise (see Fig. 13A and panel (a)) and below 7� for outlier
noise (see Fig. 13B and panel (b)).

In contrast, the method ‘Longuet-Higgins’ has large errors,
exceeding the typical range. This large error can be explained by
the large rotations of ±10�/frame used in this simulation, compared
to the previous simulation which had a mean rotation rate of 4�/
frame with a standard deviation of 1.5�/frame for a sample size
of 5000 trials. Rotations described from a differential or discrete
viewpoint result in different visual motion fields and the difference
between these model motion fields increases for increasing
rotational velocities. Subsequently, errors for the method of
‘Longuet-Higgins’ increase as it uses a discrete viewpoint to esti-
mate ego-motions, but visual motion fields are generated
differentially.
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Fig. 11. A varying range of depths is tested and estimation errors for Gaussian noise are shown in (A) and those for outlier noise are shown in (B). The x-axis denotes different
ranges of depths in focal lengths (f = 0.0187 m). Translational errors depicted in panels (a) decrease with an increasing range of depths. Note that the interval of the y-axis
depicting the errors has been increased compared to the other figures which depict errors. The mean value is calculated for 5000 trials. A legend on top of the figure shows all
the methods included in this simulation in bold print.
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All other methods fall in between these two categories of very
small and large errors. The error curves of this in-between category
are below the error curves of ‘Rieger and Lawton’s method and in
most cases above the error curves of ‘Chiuso et al.’s method.

6.6. Fusion of visual image motion and depth information

How does information about depth help to estimate ego-mo-
tion? Psychophysical studies conclude that humans combine optic
flow and depth information for the estimation of ego-motion in
challenging situations [8,7]. Challenges occur if the length of noisy
vectors increases by over a quarter of the length of the signal vec-
tors. Another challenge occurs if the scene is hard to interpret, for
instance, a random dot cloud. Our simulation replicates challeng-
ing situations by using noisy visual motion fields. Note that a ran-
dom dot cloud need not be a challenge for methods estimating
ego-motion. These methods are challenged when the scene leads
to ambiguous motion fields, or all measurements fall into one part
of the visual field, or all measurements have a small magnitude.

Not all methods can directly incorporate depth information.
Here, only the methods ‘Chiuso et al.’, ‘combined discrete’, ‘Pauw-
els and Van Hulle’, ‘Perrone’, and ‘Zhang and Tomasi’ can incorpo-
rate depth information. For the method of ‘Perrone’ depth
information helps to reduce the number of dimensions of the
parameter space (Hough space). In general for given depths the

problem of estimating ego-motion is linear instead of nonlinear
or bilinear. An analytical solution for this linear problem is calcu-
lated by the method ‘combined discrete’. All parameter values of
this simulation are listed in the Table 2.

Fig. 14 shows the error of methods estimating ego-motion
while depth information is provided. In this simulation only the vi-
sual motion field is noisy and depths are noise free. This situation
can lead to inconsistent input data. However, the methods with the
exception of ‘Chiuso et al.’ have lower errors compared with the
situation where no information about depths is available. The
method ‘Chiuso et al.’ with depth information provided has only
lower errors for high noise values compared to its counterpart
not using depth information. This can be understood by comparing
(the green error curves) in Fig. 14 with that of Fig. 12.

The methods ‘combined discrete’, ‘Pauwels and Van Hulle’, and
‘Zhang and Tomasi’ show a linear relationship between their esti-
mation error and the parameter describing the noise. Furthermore,
both methods, ‘Pauwels and Van Hulle’ and ‘Zhang and Tomasi’
have very similar error curves indicating that the error surface
(objective function) is smoother than in the general case where
no ground truth depths are available. Thus, it is not necessary to
start with a biased formulation to avoid singularities (q = 0) and
vary the weights of the bilinear constraint steadily during the
Gauss–Newton iteration to have an unbiased formulation (q = 1).
More generally the error curves in Fig. 14 show how strongly depth
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Fig. 12. Simulation for varying Gaussian (A) and outlier noise (B). For all methods which apply a technique for bias reduction a roughly linear relationship between the
translational or rotational error and the parameter of noise exists. All mean values are calculated based on 5000 trials. The legend shows methods included into the simulation
in a bold face print.
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information is included into the process of estimating ego-motion
in the different methods.

The voting method of ‘Perrone’ can tolerate outlier noise as can
be seen in Fig. 14B. Outlier data points do not vote consistently for
a single ego-motion different from the ground-truth ego-motion.
Thus, still the maximum of votes occurs for the true ego-motion.
For Gaussian noise the situation is different because all data points
are noisy. Thus, no consistent vote for a single type of ego-motion
exists. Instead votes are broadly scattered. The peak of votes
around the ground-truth ego-motion is very broad and at the same
time the signal to noise ratio is small. Errors in the estimate of ego-
motion occur already for small amount of Gaussian noise, see
Fig. 14A.

7. Robust estimation techniques

In general robust estimation is an intricate problem. On the one
hand, a segregation of data into noisy and valid data should be per-
formed and therefore a model consistent with the valid data points
is required. On the other hand, a consistent model can be only esti-
mated if the valid data points are known. Robust estimation tech-
niques try to solve this intricate problem by using different
techniques. Here, m-functions, RANSAC, and Hough transform are
used for robust estimation. These techniques are combined with

the methods estimating ego-motion that were introduced in the
Section 4.

7.1. m-Functions

m-Functions can be combined with the optimization con-
straints from Section 3. Here, we generally refer to these con-
straints using the term c. For a robust formulation a constraint c
is weighted by a (convex) penalty function W with parameters p.
Thus, the optimization problem reads

FW ¼
Xm

i¼1

W c2
i ð _~qi;~UiÞ;p

� 	
!
~Ui min : ð44Þ

Extrema of this functional FW are calculated by taking the partial
derivatives and equating these derivatives to zero. The resulting
constraint equation is

@

@~Ui

FW ¼ 2
Xm

i¼1

W0 c2
i ð _~qi;~UiÞ;p

� 	 @

@~Ui

c2
i


 �
¼ 0: ð45Þ

Because of the nonlinearity of this Eq. (45) a numerical iteration
scheme is applied to calculate a solution. This iteration is denoted
as outer iteration. In contrast, the numerical iterations which were
employed to calculate ego-motion (like fix-point iteration or
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Fig. 13. Errors for the estimation of curve-linear path motion in the presence of Gaussian noise A or outlier noise B. If compared with errors of the relating simulation for
fixating ego-motion from Fig. 12 errors for curve-linear ego-motion are different. Details about differences are given in the text. All mean values are calculated for 5000 trials.
Methods included in this simulation are shown in bold face in the legend in the upper part of this figure.
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Gauss–Newton iteration) are denoted as inner iteration. In this inner
iteration the first term W0 is included as a weighting factor

wi :¼ W0 c2
i ; p

� �
:¼ exp �c2

i = 2p2
1

� �� �
þ p2: ð46Þ

For simplicity we chose the same penalty function W0 to be com-
bined with constraints for most estimation methods. Because of
the different constraints which are employed the parameter values
p vary. A detailed listing of the parameter values for the outer iter-
ation and values for p are given in Table 1.

The weight w which is included in the inner iteration is updated
by the evaluation of the penalty function. For this reason all opti-
mization constraints c were defined including a weighting factor
w. The weights w are initialized to ones and updated in each outer
iteration until a maximum number of nW = 50 iterations is
achieved. The outer iteration terminates earlier if the mean differ-
ence of weights from two proceeding iterations amounts less than
gW = 10�4. In most cases the outer iteration stops approximately
after 10 iterations. The mean values for this outer iteration are gi-
ven in Fig. 15.

7.2. RANSAC algorithm

The RANSAC algorithm is designed to detect and reject data
points of the initial data set which are outliers [17]. Intuitively,
the algorithm achieves an estimate which is based only on valid
data points. The algorithm starts estimating a model for a ran-

domly selected subset of data points. The support of this initially
estimated model is improved by finding more data points which
are compatible. RANSAC stops if a model has enough supporting
data points. However, if not enough support could be gathered an-
other initialization starts by randomly choosing another subset of
data points. All parameter values of this algorithm are listed in Ta-
ble 1.

7.3. Hough transform

The Hough transform describes data points in a parameter
space. According to this transform a data point votes for a set of
parameters given by the model. Here, we describe data of a visual
motion field by its generated ego-motion and depth as parameters.
Thus, the parameter space has six dimensions which have to be
quantized for voting. Voting in such a high dimensional space
has a high computational complexity. To deal with this complexity
various simplified solutions were suggested in Subsection 4.4. Er-
ror plots for the methods ‘bilinear tuning’, ‘Lappe and Rauschecker’,
and ‘Perrone’ have not been replicated in Section 8.

8. Simulation results for the robust estimation of ego-motion

The parameter values corresponding to this section are de-
scribed in Table 2.
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Fig. 14. Error curves of ego-motion estimation for methods using depth information are depicted in (A) for Gaussian noise and in (B) for outlier noise. The information about
ground-truth depth helps some methods to improve their estimates. All mean values are calculated for 5000 trials. Only the methods printed in bold face in the legend are
simulated.
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For the results in Fig. 16A m-functions have been employed for
robust estimation. This combination of methods for estimating
ego-motion and m-functions works best for ‘bilinear polynomial’,

‘Bruss and Horn’, ‘Pauwels and Van Hulle’, and ‘Zhang and Tomasi’.
Only a small reduction in estimation error is achieved for the
methods ‘Chiuso et al.’, ‘combined discrete’, and ‘Kanatani’ in the
range of outlier noise with q < 10%.

Another possibility to achieve robust estimation is to use RAN-
SAC. Error curves of methods using RANSAC are shown in Fig. 16B.
RANSAC reduces estimation errors for less than 25% outliers in the
noisy data. Exceptions are the methods ‘Chiuso et al.’ and ‘com-
bined discrete’. These two methods perform poorly employing a
few data points which has been shown in Subsection 6.2. Better re-
sults for these two methods may be achieved if the initial subset
used to randomly draw data points is enlarged. However, increas-
ing the cardinality of the initial data set drastically increases the
running time. The method ‘Longuet-Higgins’ has a mean transla-
tional error of approximately one degree, although there is no
noise present (q = 0%). This error originates from the mismatch of
viewpoints for time. The method ‘Longuet-Higgins’ follows a dis-
crete viewpoint, whereas the analytically visual motion fields are
generated by using a differential viewpoint, namely by Eq. (1).
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Fig. 15. This graph shows the mean number of outer iterations that is applied to
integrate a m-function into methods. These methods are shown in the legend on the
left side of the figure.
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Fig. 16. Estimation of ego-motion including techniques for robust estimation, here m-functions (A) and RANSAC (B). Both techniques reduce the error of estimates. Note that
not all methods work well with both techniques. Error graphs are shown only for the methods which show an improvement given by a decrease in error. For (A) a number of
5000 trials is used and for (B) a reduced number of 500 trials is simulated, due to the computational complexity the algorithm of RANSAC used in combination with methods
estimating ego-motion.
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Generally, the amount of outlier noise q which can be tolerated
depends on the parameter values of RANSAC. For the simulation
parameter values are adjusted to tolerate a maximum outlier rate
of 25% in the input data. For this amount of outliers a probability of
99.96% (kRANSAC = 9, nRANSAC = 100) is given to draw an initial data
set that contains no outlier. For 30% outliers this probability de-
creases to 98.37%, and for 40% outliers to 63.68%.

All three techniques that achieve robustness successfully re-
duce the error in estimates of ego-motion. However, these meth-
ods have a different run-time complexity. Hough transform and
RANSAC are computational more intensive than m-functions.
Based on run-time complexity m-functions could be preferred.
But not all methods work well with the currently used penalty
function. Another difference between the techniques is their math-
ematical ‘origin’. Differentiable functions can be used as m-func-
tions within a framework of mathematical optimization, for
instance, employing gradient descend methods. For RANSAC statis-
tics arguments account for the success of the method and these
arguments depend largely on the chosen parameter values. A com-
bination of RANSAC and m-functions is possible as well [63].
Robustness for outlier noise is achieved best with different tech-
niques for different estimation methods.

9. Realistic scenario

Available benchmark scenarios test either the estimation of ste-
reo or motion [57,4,47]. These benchmarks do not provide the
movement of a stereo setup of cameras with the exception of the
Tsukuba sequence [44]. However, the movement in case of the Tsu-
kuba sequence is a shift to the left which is not a very common
ego-motion. Therefore, a scene with complex geometry has been
modeled. This scene depicts a garden with a fountain, sandbox,
wooden chairs arranged around a table, small bushes, slim light
posts and a hallway in the background. A stereo setup consisting
of three cameras with parallel optical axis and a horizontal dis-
placement of 0.0375 m each is moved through this scene. All three

cameras together set up a stereo system with a left, central (cyclo-
pean) and right ‘‘eye’’. All simulated camera images have a resolu-
tion of 320 � 240 pixels with a 40� vertical field of view. All three
cameras move at a constant translational speed of 0.0025 m/frame
in the direction of �15� azimuth and +10� elevation and rotate
with velocities of �0.1250, 0.2000, and �0.1250�/frame for pitch,
yaw, and roll, respectively. The center of rotation coincides with
the nodal point of the center camera. The trajectory described by
this ego-motion is sampled by 16 frames. Fig. 17a shows the sixth
frame of the center camera, the cyclopean ‘‘eye’’.7

9.1. Estimation of optic flow from brightness changes

Optic flow is estimated by using the tensor based method of
Farnebäck with an affine motion model [15]. The spatio-temporal
tensor is constructed by projecting the input image sequence onto
base polynomials with a finite Gaussian support (r = 1.6 pixels and
length l = 11 pixels, c = 1/256). The tensor components are spatially
averaged by applying a Gaussian filter (r = 6.5 pixels and l = 41
pixels). In addition to the estimation of a optic flow this method
calculates a confidence value based on the estimate and the input
data. This confidence value is used to sparsify the estimated optic
flow by selecting only the best 25% of all estimates. Valid estimates
are given for the central six frames (indexes 5–10) out of the 16
frames (indexes 0–15) due to the temporal filtering with kernel
of 11 frames. A deflection between estimates of optic flow and
ground-truth visual image motion is reported by a 3D angular error
[6]. For example, the 3D angular error for the frame pair 5–6 is
2.49� in mean for 100% density. The 3D angular error for other
frame pairs is similar. Note in an ideal situation estimated optic
flow and ground-truth visual motion field would match exactly.
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Fig. 17. A snapshot of the designed scene ‘‘fountain’’ which is used to compute a visual motion field, horizontal disparity, and ego-motion. In (a) the sixth frame of the image
sequence for the center camera is shown. The corresponding ground-truth and estimated visual motion field is shown in (b) and (d), respectively. The flow vectors of the
visual motion field are encoded using the color code used by Baker et al. [4]. A 20 times spatially downsampled version of the visual motion field is drawn by black arrows and
is superimposed to the color coding. Arrows are scaled in length by a factor of four compared to its original length. The ground-truth and estimated depth for the center
camera are shown in (c) and (e), respectively. Values of depth are encoded by intensity, whereby black encodes a distance of 0 m and white a distance of 15 m.

7 Images of this sequence along with ground-truth flow and depth for all three
cameras are available at http://cns.bu.edu/�fraudies/ScenesImages/ScenesImag-
es.html. Note, that this sequence is different from the sequence ‘‘fountain’’ recorded
by Koch et al. [33].
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Fig. 17b displays the ground-truth visual image motion for the con-
sidered frame pair 5–6 and the center camera. Fig. 17d shows the
estimated optic flow for the same frame pair and camera.

9.2. Estimation of horizontal disparity

The horizontal disparity is estimated with a dynamic program-
ming method [46]. This method works at the level of single pixels.
A similarity measure between single pixels is defined. By using this
measure the space of possible horizontal disparities (shifts) is
searched for a sequence with highest similarity. Dynamic program-
ming efficiently calculates this sequence of highest similarity for
each row of the image. This approach is applied for the stereo
frame pair (center/right) of the image pair for index five. These val-
ues of horizontal disparity are transformed into depths assuming
calibrated cameras. The transformed depth map is shown in
Fig. 17e. Directly above in Fig. 17c the corresponding ground-truth
depths are shown. Errors in the estimates of horizontal disparity
are reported as the absolute difference between ground-truth
and estimates, for the fifth 0.34 pixels, whereby a boundary region
of 18 pixels is excluded for this evaluation. Successive frames have
a similar error.

Table 3 lists translational and rotational errors for the estima-
tion of ego-motion based on the ground-truth visual motion field
(upper part) and estimated optic flow (lower part). In the upper
part of the table, where ground-truth visual motion is used, the
estimated ego-motion deviates slightly from corresponding
ground-truth values. Deflections on the order of 10�2 for angular
differences and 10�4�/frame for speed differences can be explained
by the discretization of values. However, methods using numerical
optimization, like the methods ‘Bruss and Horn’, ‘Chiuso et al.’,
‘combined discrete’, ‘Pauwels and Van Hulle’, and ‘Zhang and
Tomasi’, have a larger error. The error for the method of
‘Longuet-Higgins’ is due to using a different viewpoint for time
(differential versus discrete). The characteristics of errors is similar,
if estimated optic flow is used instead of a ground-truth visual
motion field.

Table 4 shows errors for methods estimating ego-motion based
on the ground-truth visual motion fields and ground-truth depth
information (upper part of the table). Again as in the previous case
without providing depth information, methods applying numerical
optimization perform worse compared to the method ‘combined
discrete’ which calculates an analytical solution. In the lower part
of Table 4 both, optic flow fields and depths, are estimated. It

Table 3
Mean errors are calculated for six successive frames with the indexes 5–10 for the sequence ‘‘Fountain’’. The first part of this table shows estimation errors for the ground-truth
visual motion fields. Estimation errors for the analytical optimization methods ‘bilinear polynomial’, ‘Heeger & Jepson’, and ‘Kanatani’ are in the order of 10�2 for the translational
and rotational angle. Errors in rotational speed are in the order of 10�4. Methods employing a numerical optimization have a larger error which is at least two magnitudes larger.

Method Error

Translation angle (�) Rotation angle (�) Rotation speed (�/frame)

Ground-truth visual motion field
Bilinear polynomial 3.967e�2 4.221e�2 1.513e�4
Bruss and Horn [9] 1.335e+0 2.561e+0 3.576e�3
Chiuso et al. [10] 1.342e+1 1.257e+1 7.212e�2
Combined discrete 1.626e+1 2.207e+1 3.990e�2
Heeger and Jepson [25,30] 3.967e�2 4.221e�2 1.513e�4
Kanatani [31] 4.050e�2 2.975e�2 1.623e�4
Longuet-Higgins [38] 1.140e�1 1.866e�1 8.003e�4
Pauwels and Van Hulle [49] 1.049e+1 1.573e+1 2.732e�2
Zhang and Tomasi [68] 1.241e+1 1.777e+1 2.584e�2
Prior heading 1.579e+1 9.000e+1 2.669e�1

Optic flow estimated by Farnebäck’s method [15]
Bilinear polynomial 1.708e+0 2.813e+0 9.261e�3
Bruss and Horn [9] 2.257e+0 3.519e+0 8.365e�3
Chiuso et al. [10] 8.190e+0 1.492e+1 8.330e�3
Combined discrete 1.787e+1 2.637e+1 7.157e�2
Heeger and Jepson [25,30] 1.708e+0 2.814e+0 9.264e�3
Kanatani [31] 1.611e+0 3.712e+0 3.349e�3
Longuet-Higgins [38] 1.803e+0 2.896e+0 1.006e�2
Pauwels and Van Hulle [49] 6.135e+0 1.028e+1 8.396e�3
Zhang and Tomasi [68] 1.002e+1 1.686e+1 2.346e�2

Table 4
Mean errors calculated for six successive frames (indexes 5–10) of the ‘‘Fountain’’ sequence. The first part of this table shows errors of estimates with ground-truth visual motion
fields and depths. Errors for the analytical optimization method ‘combined discrete’ are at the order of 10�1 for translation and 10�3 for rotation, due to discretization. Methods
applying numerical optimization methods have a larger error. The second part of this table shows the errors if estimated optic flow and depth is used to compute ego-motion.

Method Error

Translation angle (�) Rotation angle (�) Rotation speed (�/frame)

Ground-truth visual motion field and depth
Chiuso et al. [10] 6.909e+0 9.456e+0 2.040e�2
Combined discrete 4.248e�2 7.029e�2 2.730e�4
Pauwels and Van Hulle [49] 1.032e+1 1.783e+1 6.359e�3
Zhang and Tomasi [68] 1.320e+1 2.263e+1 3.915e�3

Optic flow estimated by Farnebäck’s method [15] and depth estimated by Ohta and Kanade’s method [46]
Chiuso et al. [10] 4.071e+1 4.685e+1 2.797e�1
Combined discrete 2.573e+1 3.914e+1 8.928e�2
Pauwels and Van Hulle [49] 1.133e+1 2.043e+1 2.251e�2
Zhang and Tomasi [68] 1.162e+1 2.155e+1 1.819e�2
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shows that in this scenario estimated depth and optic flow are not
accurate enough to reduce the error estimating ego-motion.

Without generalization we learned from this scenario: first, lin-
ear and bilinear forms with an analytical solution outperform
numerical optimization techniques with its current setting of
parameters (see Table 1) and, second, when using estimated optic
flow, then estimated depth can not improve results with the cur-
rently used algorithms for the estimation of optic flow and depth.
The last point does not contradict the results of our previous sim-
ulations, as we used ground-truth depth there.

10. Discussion

10.1. Differential versus discrete viewpoint

A differential formulation assumes continues time and the
transformation in time is described as linear and rotational veloc-
ity. In contrast, a discrete formulation assumes samples in time
and image frames are linked by a discrete shift and rotation trans-
form. Real camera systems usually provide a low frame rate and,
thus, they support a discrete rather than a continuous viewpoint
of time. Nevertheless the literature provides a lot of differential
methods which we reviewed. To compare with discrete approaches
the method ‘Longuet-Higgins’ has been included into the review. In
the realistic scenario described in the Section 9 discrete time is as-
sumed by sampling a trajectory of ego-motion at 16 discrete times.
The discrete shifts and rotations are converted into velocities by
referring to changes occurring from frame to frame. Furthermore,
if a frame rate of 60 fps is assumed the translational speed of
0.0025 m/frame is 0.0025 � 60 = 0.15 m/s.

10.2. Modeling of noise in visual image fields

Our Gaussian noise model assumes noise in the velocity compo-
nents. Different models from the literature additionally assume
additive Gaussian noise in the temporal gray-value variations of
the image data [59] or in the spatio-temporal gray-value variations
[45]. Simoncelli et al. assume Gaussian noise added to the temporal
image components and velocities. By statistical analysis they show
that the distribution of estimated velocities is again Gaussian and
centered around the most probable velocity estimate (MAP esti-
mate) with respect to the underlying brightness changes and dis-
tributions of noise [59]. As an extension, Nestares and colleagues
assume Gaussian noise in all measurements and derive a likelihood
function [45]. For both of these assumptions probability distribu-
tions of visual motion fields and likelihood functions for the esti-
mation of visual motion fields as well as ego-motion were
derived [45,62,41,49]. A different Gaussian noise model is used
by Lobo and Tsotsos which is a mixture between additive and mul-
tiplicative Gaussian noise with a non-zero mean value [37]. It mod-
els outliers in the estimates of the visual motion field.

10.3. Segregation of independently moving objects

Different methods were proposed in the literature to estimate
ego-motion and the motion of independently moving objects
(IMOs). Namely, MacLean and coworkers integrated motion esti-
mation (ego-motion and object motion) into the expectation max-
imization (EM) algorithm and used the subspace method of Heeger
and Jepson to estimate ego-motion as well as to identify the num-
ber of motion models contained in the input data [42]. MacLean
et al. defined a probability density function using the subspace
constraint vectors, whereas they modified constraints in order to
model a unit sphere camera instead of a pinhole camera. This den-
sity function allows to assign an ‘ownership’ probability between

data points and the current model estimated. As an alternative Ma-
cLean et al. suggested the bilinear constraint (Eq. (4)) as argument
of a Gaussian distribution function which is the Eq. (15). Pauwels
and Van Hulle used a similarity constraint to segregate IMOs from
the ego-motion [48]. Lobo and Tsotsos showed how their collinear
point constraint allows the detection of IMOs [37]. A general con-
cept for the segregation of IMOs from ego-motion had been pro-
posed by Adiv [1]. In this approach ego-motion is estimated for
small image patches and the scene is approximated by a plane
when looking through such a patch. Then, segmentation is based
on the deflection between the estimated ego-motions for patches.
Tian and Shah used an (adaptive) Hough transform to estimate
ego-motion and to segregate IMOs [61]. Here, we used different
methods for robust model estimation. These methods work for
small IMOs with a strong difference in motion regarding the ego-
motion of the observer. IMOs can be interpreted as a special case
of outlier noise, with two special properties. First, all flow vectors
of a single rigid IMO are caused by the same motion model, and,
second, all these flow vectors are located in a compact region.

10.4. Direct methods for the estimation of ego-motion

This review focused on methods estimating ego-motion given
analytically defined visual image motion. However, direct methods
estimate ego-motion (and structure) directly from the brightness
change of the image sequence [29,26]. Direct methods assume that
all brightness changes follow a model of global ego-motion which
helps to constrain the space of possible solutions for optic flow.
Note that in general the estimation of optic flow from brightness
changes is ill-posed [52]. For the estimation of optic flow the con-
stancy of image brightness for stationary patches is assumed, sim-
ilar to methods estimating optic flow. Thus, a change in brightness
is caused only by an image motion. For direct methods this con-
straint is then plugged into a model of visual image motion in or-
der to compute the parameters of ego-motion directly and bypass
the step of computing optic flow.

10.5. Quantization of ego-motions for the Hough-transform

In our simulation the quantization of the Hough space has been
motivated by the locomotion patterns of humans. However, for
other applications such a quantization will be different. For in-
stance, airplanes have a different range of translational and rota-
tional velocities. Translational velocities can be 1000 km/h at an
altitude of 12.000 km. Rotational velocities (yaw) for a standard
rate turn are 3�/s [64, Chapter 5, Section II, page 5-51]. Thus, an
appropriate quantization of the Hough space to realize flight con-
trol can be quite different.

10.6. Passive versus active vision

All reviewed methods assume passive navigation [5,9]. For pas-
sive navigation the observer ‘is moved’ through a scene and has to
report its ego-motion. In active navigation the observer can incor-
porate the information about his own movement. With an active
vision approach many problems of computer vision are simplified
[2]. Estimating shape from motion is unstable for a passive obser-
ver and is stable for an active observer. Estimation of visual image
motion is an ill-posed problem for an passive observer, in contrast
for an active observer it is a well-posed problem. A fixation during
ego-motion simplifies visual navigation in two ways. First, normal
optic flow estimates calculated from brightness changes are suffi-
cient for the estimation of the focus of expansion and time-to-con-
tact. Second, fixation along with tracking based on an appropriate
selection of normal optic flow vectors helps to reduce the dimen-
sionality of the parameter space from five to one [16].

F. Raudies, H. Neumann / Computer Vision and Image Understanding 116 (2012) 606–633 629



Author's personal copy

10.7. Optimization constraints, techniques, and estimation methods

This review includes five different prototypical optimization
constraints. A constraint is either derived from the Longuet-Hig-
gins and Prazdny’s motion field model or Longuet-Higgins’s stereo
model. The constraints derived from Longuet-Higgins and Pra-
zdny’s model are distance, bilinear, motion parallax, and probabi-
listic constraints. Motion parallax constraints eliminate the
dependency on rotation by different strategies. The elimination is
achieved by calculating vector differences at depth discontinuities
ðcfpar ðqÞÞ or by solving the problem of estimating ego-motion in a
subspace independent of rotation (cpar). A simple constraint is
the squared distance constraint. An optimization for depth of this
squared distance constraint results in the bilinear constraint. The
bilinear constraint is used to construct a subspace independent
of rotation. The fifth constraint prototype, the epipolar constraint,
is based on Longuet-Higgins’s stereo model. This review started
with the formulation of a discrete epipolar constraint (cepi,disc)
which is used to derive a differential version (cepi,diff). In general,
all constraints can be integrated into a probabilistic formulation
(cprob,map).

Ten different methods from the literature on the estimation of
ego-motion and three additional methods, namely, ‘bilinear poly-
nomial’, ‘bilinear tuning’, and ‘combined discrete’ were presented.
A least squares technique is applied to solve linear optimization
problems. Techniques of fix-point iteration, Gauss–Newton itera-
tion, Hough transform, and a hierarchical grid method are applied
to solve nonlinear problems. Beside the mathematical optimization
methods our review includes two biologically inspired methods,
namely ‘Perrone’ and ‘Lappe and Rauschecker’. A summary of
methods estimating ego-motion is presented in Table 5.

10.8. Run-time complexity

The reviewed methods can be roughly divided into three classes
concerning their run-time complexity. First, the class of linear
methods which incorporate optimization constraints and tech-
niques to support linearity. Second, the class of nonlinear methods
which use iterative optimization procedures to estimate ego-mo-
tion. Along with the problem of numerical optimization routines,
constraints have to be evaluated in each iteration step and a num-
ber of random initializations has to be taken in order to avoid local
extrema solutions. Third, the class of methods which employ a
Hough transform have the largest run-time complexity because
they employ a high dimensional parameter space. In this third case
the computational complexity limits applicability on today’s com-
puters. These three classes of different complexity are presented in
increasing order. However, this is only an ordering for run-time
complexity, the computational complexity is different. Here, we
excluded an analysis of methods and their computational complex-
ity because run-time depends on the constants not explicitly en-
coded in the computational complexity measure. The Table 6
provides a classification of methods into one of the defined run-
time complexity classes.

10.9. Related reviews and evaluations of methods estimating ego-
motion

Related work of Royden and Hildreth gives a descriptive over-
view of models for the estimation of ego-motion [56]. Unlike their
descriptive review, we presented methods in terms of constraints
and optimization techniques, implemented and evaluated these

Table 5
Summary for optimization constraints and techniques employed in the reviewed methods for the estimation of ego-motion. (i) LSQ stands for least squares optimization, see
Section 4.1; FP abbreviates fix-point iteration, see Section 4.2); GN stands for Gauss–Newton iteration, see Section 4.3); HT is the abbreviation for Hough transform, see Section 7.3
and HG stands for hierarchical grid optimization, see Section 4.5. (ii) An estimation method is biased if it has a systematic error for an visual image field with superimposed
isotropic noise. A method with a bias is denoted by the symbol

p
. (iii) With depth information there is no reason to calculate or eliminate depth, therefore the optimization

technique LSQ is applied.

Method Constraint Technique(i) Biased(ii)

Trans. Rot. Depth

Bilinear polynomial cbil(0) cbil(0) LSQ –
Bilinear tuning cprop,bil cprop,bil – HT/HG

p

Bruss and Horn [9] cbil(0) cbil(0) – FP –
Chiuso et al. [10] csqd cbil(0) csqd FP

p

Combined discrete csqd csqd csqd FP/LSQ(iii) p

Heeger and Jepson [25,30] cpar
j

cbil(0) – LSQ –

Kanatani [31] cepi,diff cepi,diff – LSQ –
Lappe and Rauschecker [36] cprop,par cbil(0) – HT/HG –
Longuet-Higgins [38] cepi,disc cepi,disc – LSQ

p

Pauwels and Van Hulle [49] cbil(q) and csqd cbil(0) csqd GN –
Perrone [50] csqd cprop,tune cprop,tune HT/HG –
Rieger and Lawton [54] cfpar ð0Þ cbil(0) – – –

Zhang and Tomasi [67] cbil(1) and csqd cbil(0) csqd GN –

Table 6
According to the linear or non-linear structure of the employed optimization techniques, three classes of run-time complexity (not computational complexity) are distinguished.
The order of complexity is increasing with the number of the class.

Run-time
complexity

Description Method

Class I Linear Bilinear polynomial; Heeger and Jepson [25]; Kanatani [31]; Longuet-Higgins [38]; Rieger and Lawton [54]
Class II Nonlinear Bruss and Horn [9]; Chiuso et al. [10]; Combined discrete; Pauwels and Van Hulle [49]; Zhang and Tomasi

[68]
Class III Explicit evaluation of error

functional
Bilinear tuning; Lappe and Rauschecker [36]; Perrone [50]
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methods. Using their definition of categories we included a motion
parallax model [54,34], error minimization models [9,30,67,10,49],
a template model [50,51], and a neural network model [36,35].
Here, we presented the model of Lappe and Rauschecker [36] in
the context of probabilistic constraints evaluated within a Hough
transform scheme.

Tian et al. compared six methods estimating ego-motion based
on their error for different configurations of ego-motion [62]. They
defined errors as translational and rotational biases. A bias is de-
fined as deviation from the mean estimate from the ground-truth.
Translational and rotational sensitivity are defined as standard
deviation computed for the deviation of each single estimate from
the ground-truth. Tian et al. made three statements about their
simulation results. First, the errors produced by the six methods
estimating ego-motion are independent of the rotation axis, be-
cause all these six methods optimize rotation first, before they
optimize or calculate translation. Second, they found that fixation
does not help to estimate ego-motion if noise is independent of im-
age velocities. However this result is only based on the study of er-
rors for bias and sensitivity. But computationally fixation reduces
the number of parameters to be estimated. Methods which profit
from fixation are those of Perrone and Stone [51] and Lappe [35].
Third, Tian et al. found that a wider field of view does not necessar-
ily improve estimates of ego-motion. They explained this result by
a reduced resolution when increasing the field of view. Because of
their definition of noise, which is linked to the proportion of pixels,
the impact of noise is stronger if the field of view is increased due
to a reduced resolution. However, if noise is defined independent
of the resolution, whereby the resolution could be adapted always
to the focal length, the error should be decreasing for an increasing
field of view. Accordingly, Tian et al. described if they use a wide
field of view and adapted the resolution by the registration of mul-
tiple images taken during a rotation of the camera this results in a
dramatic improvement. In their analysis Tian et al. studied mainly
single directions of ego-motion, whereas we studied various in-
stances from two different types of ego-motions. In our study we
reported the mean translational and rotational direction and rota-
tional speed error for different instances of ego-motion. For in-
stance, translational directions were randomly chosen within an
interval of ±40� and the rotational pitch and yaw component were
calculated using a fixating constraint (see Section 5). In our simu-
lations we focused on properties like statistical bias, consistency,
robustness, and fusion between visual image motion and depth
incorporation.

Zhang and Tomasi formally defined the term ‘‘consistency’’ in
the context of estimating ego-motion [68]. Intuitively speaking, a
method is consistent, if the estimation error decreases with an
increasing number of utilized data points. Zhang and Tomasi iden-
tified two requirements for a method to be consistent, first infinite-
sample unbiased and, second, finite sample convergence. They
show that the bilinear optimization constraint c2

bilðq ¼ 0Þ does
not fulfill the requirement of infinite-sample unbiasedness, be-
cause multiplying with kAiTk2 breaks the rotational symmetry.
All methods incorporating this constraint or deviations from it
are not consistent. In our study these are the methods of ‘bilinear
polynomial’, ‘Bruss & Horn’, ‘Heeger & Jepson’ and ‘Rieger & Law-
ton’. Additionally, they pointed out that the method of ‘Kanatani’,
which is similar with the method of Zhuang and coworkers [70],
starts the optimization from a constraint which is not consistent.
In their computational analysis Zhang and Tomasi used the model
of Gaussian noise and a single constant ego-motion. Our simulation
included the model of outlier noise. Furthermore, translational
directions were sampled uniformly on the positive hemisphere
and the latest estimation methods were included into our simula-
tion. In one of their simulations Zhang and Tomasi varied the

number of flow vectors and their results are qualitatively the same
compared to ours (compare with [68] Fig. 10a). Another of their
simulations showed the statistical bias for different methods. In
our simulation we tested bias while varying types of ego-motion,
noise (see Fig. 9), and methods with bias correction. Together with
the proposal of their unbiased method of ego-motion estimation
Pauwels and Van Hulle [49] reported statistical bias in a similar
way as Zhang and Tomasi. Here, the method of Pauwels and Van
Hulle had been added to the simulations and their evaluation.

Armangue et al. proposed a review on the estimation of ego-
motion where they focused on methods utilizing the discrete epi-
polar constraint and the adaptation of these methods to the setting
of their mobile robotics platform [3]. Due to the different focus of
this study it is a good complement to ours. We mainly reviewed
methods based on Longuet-Higgins and Prazdny’s model, whereas
theirs mainly reviewed methods derived from the epipolar con-
straint based on Longuet-Higgins’s stereo model. From testing
the adapted methods Armangue et al. concluded that the error
for ego-motion estimation is reduced with a reduced number of
parameters. Unlike their approach, we applied no restrictions to
the methods of estimating ego-motion, although this should be
simple using the common notation for the different optimization
constraints.

11. Conclusion

Our review of methods estimating ego-motion has three main
goals. First, five different constraints were shown to be derived
either from Longuet-Higgins and Prazdny’s model of visual image
motion or Longuet-Higgins’s stereo model. Second, methods from
the literature were linked to these constraints and their optimiza-
tion technique applied. Third, extensive simulations had been per-
formed in order to characterize the estimation errors of 13
different methods for ego-motion estimation. The main conclu-
sions of these simulations are:

	 The technique of (global) pre-whitening reduces the statistical
bias, subsequently the error is reduced.
	 Statistically biased methods for the estimation of ego-motion

become consistent if the bias is reduced. Thus, estimation errors
are decreasing for an increasing number of data points.
	 For an increased range of depth values, the error for the esti-

mated translational direction decreases.
	 Methods applying bias reduction have a roughly linear relation-

ship between estimation error and the parameter of Gaussian or
outlier noise.
	 For curve-linear motion with its higher rotation rates the char-

acteristics of errors is different compared to fixating ego-
motion.
	 The estimation of ego-motion with depth information available

is a linear problem. The methods which incorporate ground-
truth depth information have a smaller estimation error com-
pared to their counterparts without depth information.
	 Robustness to outlier noise is best achieved with different tech-

niques for different estimation methods.
	 Without generalization the realistic scenario showed that

methods with an analytical solution outperform methods which
use a numerical optimization technique. Estimated depths
together with estimated optic flow were not accurate enough
to improve estimation results compared to methods using only
estimated optic flow without depth information.

Future work will systematically study the influence of indepen-
dently moving objects on ego-motion estimation using the re-
viewed methods.

F. Raudies, H. Neumann / Computer Vision and Image Understanding 116 (2012) 606–633 631



Author's personal copy

Acknowledgments

We thank the anonymous reviewers for their comments which
were helpful to improve the quality of this article. The authors
wish to express their gratitude to Pierre Bayerl for his contribu-
tions and discussions during an earlier phase of research. Stefan
Ringbauer modeled the ‘‘Fountain’’ scene and provided a computer
graphics ray-tracer that was used to generate images, ground-truth
flow, and depth. This data was used in the scenario that is de-
scribed in Section 9. Oliver Layton helped improving the manu-
script at a later stage. This research has been supported in part
by Grants from the European Union (EU FP6 IST Cognitive Systems
Integrated Project Decisions-in-Motion, Project no. 027 198), the
German Ministry of Research and Technology (BMBF, Brain Plastic-
ity and Perceptual Learning, Project no. 01GW0763), and a scholar-
ship to F.R. from the Graduate School of Mathematical Analysis of
Evolution, Information and Complexity at Ulm University. Supported
in part by CELEST, a NSF Science of Learning Center (SBE-0354378
and OMA-0835976).

References

[1] G. Adiv, Determining three-dimensional motion and structure from optical
flow generated by several moving objects, IEEE Trans. Pat. Anal. Mach. Intell.
PAMI-7 (4) (1985) 384–401.

[2] J. Aloimonos, I. Weiss, A. Bandyopadhyay, Active vision, Int. J. Comput. Vis. 2
(1988) 333–356.

[3] X. Armangu, H. Arajo, J. Salvi, A review on egomotion by means of differential
epipolar geometry applied to the movement of a mobile robot, Pattern Recogn.
36 (2003) 2927–2944.

[4] S. Baker, D. Scharstein, J. Lewis, S. Roth, M. Black, R. Szeliski. A database and
evaluation methodology for optical flow, in: Proc. of Int. Conf. Comp. Vis., 2007.

[5] D. Ballard, O. Kimball, Rigid body motion from depth and optical flow, Comput.
Vis. Graph. Image Proc. 22 (1983) 95–115.

[6] J. Barron, D. Fleet, S. Beauchemin, Performance of optical flow techniques, Int. J.
Comput. Vis. 12 (1) (1994) 43–77.

[7] A.V.D. Berg, E. Brenner, Humans combine the optic flow with static depth cues
for robust perception of heading, Vis. Res. 34 (16) (1994) 2153–2167.

[8] A.V.D. Berg, E. Brenner, Why two eyes are better than one for judgements of
heading, Nature 371 (1994) 700–702.

[9] A. Bruss, B. Horn, Passive navigation, Comput. Vis. Graph. Image Proc. 21
(1983) 3–20.

[10] A. Chiuso, R. Brockett, S. Soatto, Optimal structure from motion: local
ambiguities and global estimates, Int. J. Comput. Vis. 39 (3) (2000) 195–228.

[11] W. Chojnacki, M. Brooks, A. van den Hengel, D. Gawley, Revisting Hartley’s
normalized eight-point algorithm, IEEE Trans. Pat. Anal. Mach. Intell. 25 (9)
(2003) 1172–1177.

[12] S. Deneve, P. Latham, A. Pouget, Reading population codes: a neural
implementation of ideal observers, Nat. Neurosci. 2 (1999) 740–745.

[13] J. Domke, Y. Aloimonos, in: R. Vidal, A. Heyden, WDV 2005/2006, LNCS 4358,
in: Y. Ma (Eds.), A Probabilistic Framework for Correspondence and Egomotion,
Springer-Verlag Heidelberg, 2007, pp. 232–242 (chapter ).

[14] C. Duffy, R. Wurtz, Response of monkey MST neurons to optic flow stimuli with
shifted centers of motion, J. Neurosci. 15 (7) (1995) 5192–5208.

[15] G. Farnebäeck, Polynomial Expansion for Orientation and Motion Estimation,
PhD thesis, Dept. of Electrical Engineering, Linkoepings universitet, 2002.

[16] C. Fermüller, Y. Aloimonos, The role of fixation in visual motion analysis, Int. J.
Comput. Vis. 11 (2) (1993) 165–186.

[17] M. Fischler, R. Bolles, Random sample consensus: a paradigm for model fitting
with applications to image analysis and automated cartography, Commun.
ACM 24 (6) (1981) 381–395.

[18] J. Gibson, The Perception of the Visual World, Houghton Mifflin, Boston, 1950.
[19] H. Goldstein, C. Poole, J. Safko, Classical Mechanics, third ed., Addison Wesley,

2001.
[20] M. Graziano, R. Andersen, R. Snowden, Tuning of MST neurons to spiral

motions, J. Neurosci. 14 (1994) 54–67.
[21] R. Hartley, In defense of the eight-point algorithm, IEEE Trans. Pat. Anal. Mach.

Intell. 19 (6) (1997) 580–593.
[22] R. Hartley, A. Zisserman, Multiple View Geometry in Computer Vision, second

ed., Cambridge University Press, 2004. ISBN: 0521540518.
[23] D. Heeger, Optical flow using spatiotemporal filters, Int. J. Comput. Vis. 1 (4)

(1988) 279–302.
[24] D. Heeger, A. Jepson, Visual perception of three-dimensional motion, Neural

Comput. 2 (1990) 129–137.
[25] D. Heeger, A. Jepson, Subspace methods for recovering rigid motion i:

algorithm and implementation, Int. J. Comput. Vis. 7 (2) (1992) 95–117.
[26] J. Heel, Direct Estimation of Structure and Motion from Multiple Frames,

Technical report, MIT AI Memo 1190, 1990.
[27] H. Helmholtz, Treatise on Physiological Optics, ed. J.P.Southhall, 1925.

[28] B. Horn, Motion fields are hardly ever ambigious, Int. J. Comput. Vis. 1 (1987)
259–274.

[29] B. Horn, E. Weldon, Direct methods for recovering motion, Int. J. Comput. Vis. 2
(1988) 51–76.

[30] A. Jepson, D. Heeger, Linear Subspace Methods for Recovering Translational
Direction, Technical Report RBCV-TR-92-40, University of Toronto,
Department of Computer Science, University of Toronto, 6 Kings College
Road, Toronto, Ontario M4S 1A4, 1992.

[31] K. Kanatani, 3-D interpretation of optical-flow by renormalization, Int. J.
Comput. Vis. 11 (3) (1993) 267–282.

[32] E. Kandel, J. Schwartz, T. Jessell, Principles of Neural Science, fourth ed.,
McGraw-Hill, 2000.

[33] R. Koch, M. Pollefeys, L. Gool, Multi viewpoint stereo from uncalibrated video
sequences, in: H. Burkhardt, B. Neumann (Eds.), Computer Vision – ECCV
1998, LNCS 1406, vol. 1, Springer, NY, 1998, pp. 55–71.

[34] J. Koenderink, A.V. Doorn, Facts Optic Flow. Biol. Cyb. 56 (1987) 247–254.
[35] M. Lappe, A model of the combination of optic flow and extraretinal eye

movement signals in primate extrastriate visual cortex – neural model of self-
motion from optic flow and extraretinal cues, Neural Networks 11 (1998) 397–
414.

[36] M. Lappe, J. Rauschecker, A neuronal network for the processing of optic flow
from ego-motion in man and higher mammels, Neural Comput. 5 (1993) 374–
391.

[37] N. Lobo, J. Tsotsos, Computing egomotion and detecting independent motion
from image motion using collinear points, Comput. Vis. Image Underst. 64 (1)
(1996) 21–52.

[38] H. Longuet-Higgins, A computer algorithm for reconstructing a scene from two
projections, Nature 293 (1981) 133–135.

[39] H. Longuet-Higgins, K. Prazdny, The interpretation of a moving retinal image,
Proc. Roy. Soc. Lond. Ser. B, Biol. Sci. 208 (1173) (1980) 385–397.

[40] Y. Ma, J. Koeck, S. Sastry, Motion recovery from image sequences: discrete
viewpoint vs. differential viewpoint, in: H. Burkhardt, B. Neumann (Eds.), LNCS
1407, 1998.

[41] W. MacLean, Removal of translation bias when using subspace methods, in:
Int. Conf. on Comp. Vis., 1999, pp. 753–758.

[42] W. MacLean, A. Jepson, R. Frecker, Recovery of egomotion and segmentation of
independent object motion using the EM algorithm, Brit. Mach. Vis. Conf. 1
(1994) 175–184.

[43] S. Maybank, Theory of Reconstruction from Image Motion, Springer-Verlag,
New York, Inc., Secaucus, NJ, USA, 1992.

[44] Y. Nakamura, T. Matsuura, K. Satoh, Y. Ohta, Occlusion detectable stereo –
occlusion patterns in camera matrix, in: CVPR, 1996, pp. 371–378.

[45] O. Nestares, D. Fleet, D. Heeger, Likelihood functions and confidence bounds
for total-least-squares problems, in: IEEE Comp. Vis. and Pat. Rec., vol. 1, 2000,
pp. 523–530.

[46] Y. Ohta, T. Kanade, Stereo by intra- and inter-scanline search using dynamic
programming, IEEE TPAMI 7 (2) (1985) 139–154.

[47] M. Otte, H.-H. Nagel, Optical flow estimation: advances and comparisons, in:
J.-O. Eklundh (Ed.), Lecture Notes in Computer Science, vol. 800, Springer-
Verlag, Berlin Heidelberg, 1994, pp. 51–60.

[48] K. Pauwels, M.V. Hulle, Segmenting independently moving objects from
egomotion flow fields, in: Proc. of the Early Cognitive Vision Workshop
(ECOVISION 04), Isle of Skye, Scotland, 2004.

[49] K. Pauwels, M.V. Hulle, Optimal instantaneous rigid motion estimation
insensitive to local minima, Comput. Vis. Image Underst. 104 (1) (2006) 77–86.

[50] J. Perrone, Model for the computation of self-motion in biological systems, Opt.
Soc. Am. A 9 (2) (1992) 177–192.

[51] J. Perrone, L. Stone, A model of self-motion estimation within primate
extrastriate visual cortex, Vis. Res. 34 (21) (1994) 2917–2938.

[52] T. Poggio, V. Torre, C. Koch, Computational vision and regularization, Nature
317 (1985) 314–317.

[53] F. Raudies, H. Neumann, An efficient, linear method for the estimation of ego-
motion from optical flow, in: J. Denzler, G. Notni, H. Suesse (Eds.), DAGM 2009,
LNCS 5748, 2009, pp. 11–20.

[54] J. Rieger, D.T. Lawton, Processing differential image motion, J. Opt. Soc. Am. 2
(2) (1985) 354–359.

[55] H. Rodman, T. Albright, Single-unit analysis of pattern motion selective
properties in the middle temporal visual area MT, Exp. Brain Res. 75 (1989)
53–64.

[56] C. Royden, E. Hildreth, Motion perception: navigation, in: M.A. Arbib (Ed.), The
Handbook of Brain Theory and Neural Networks, second ed., The MIT Press,
Cambridge, 2002, pp. 676–679.

[57] D. Scharstein, R. Szeliski, A taxonomy and evaluation of dense two-frame
stereo correspondence algorithms, Int. J. Comput. Vis. 47 (1/2/3) (2002) 7–
42.

[58] P. Shirley, S. Marschner, Fundamentals of Computer Graphics, AK Peters, 2009.
[59] E. Simoncelli, E. Adelson, D. Heeger, Probability distributions of optical flow,

in: IEEE Comp. Vis. and Pat. Rec., 1991, pp. 310–315.
[60] K. Tanaka, K. Hikosaka, H. Saito, M. Yukie, Y. Fukada, E. Iwai, Analysis of local

and wide-field movements in the superior temporal visual areas of the
macaque monkey, J. Neurosci. 6 (1) (1986) 134–144.

[61] T. Tian, M. Shah, Recovering 3D motion of multiple objects using adaptive
hough transform, IEEE Pattern. Anal. Mach. Intell. 19 (10) (1997) 1178–1183.

[62] T. Tian, C. Tomasi, D. Heeger, Comparison of approaches to egomotion
computation, in: Proc. of IEEE Conf. on Comp. Vis. and Pat. Rec., San
Francisco, 1996, pp. 315–320.

632 F. Raudies, H. Neumann / Computer Vision and Image Understanding 116 (2012) 606–633



Author's personal copy

[63] P. Torr, Outlier Detection and Motion Segmentation, PhD thesis, University of
Oxford, Engineering Dept., 1995.

[64] US Department of Transportation, Federal Aviation Administration, United
States Government Printing Office, Washington, DC 20402-9325, Instrument
Flying Handbook, FAA-H-8083-15A, 2008.

[65] W. Warren, K. Kurtz, The role of central and peripheral vision in perceiving the
direction of self-motion, Percept. Psychophys. 51 (5) (1992) 443–454.

[66] A. Waxman, S. Ullman, Surface structure and three-dimensional motion from
image flow kinematics, Int. J. Rob. Res. 4 (3) (1985) 72–94.

[67] T. Zhang, C. Tomasi, Fast, robust, and consistent camera motion estimation, in:
Proc. of IEEE Conf. on Comp. Vis. and Pat. Rec., Ft. Collins, 1999, pp. 164–170.

[68] T. Zhang, C. Tomasi, On the consistency of instantaneous rigid motion
estimation, Int. J. Comput. Vis. 46 (1) (2002) 51–79.

[69] X. Zhuang, R. Haralick, Y. Zhao, From depth and optical flow to rigid body
motion, in: Proceedings of IEEE Conference on Computer Vision and Pattern
Recognition (CVPR), 88, Ann Arbor, MI, 1988, pp. 393–397.

[70] X. Zhuang, T. Huang, N. Ahuja, R. Haralick, A simplified linear optic flow
algorithm, Comput. Vis. Graph. Image. Proc. 42 (1988) 334–344.

F. Raudies, H. Neumann / Computer Vision and Image Understanding 116 (2012) 606–633 633


